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�à¥¤« £ ¥¬ ï á¥à¨ï § ¤ ç ¨¬¥¥â æ¥«ìî ¤®ª § â¥«ìáâ¢® ®¡®¡é¥®© â¥®à¥¬ë �¥©¥à¡ å  (â¥®-
à¥¬ë �©¥à ) ®¡ ã£«¥ ¬¥¦¤ã ¯¥¤ «ì®© ®ªàã¦®áâìî ¨ ®ªàã¦®áâìî ¤¥¢ïâ¨ â®ç¥ª. � ®á®¢®¬
¬ë á«¥¤ã¥¬ áå¥¬¥, ¯à¥¤«®¦¥®© � à¨¥¬ �à¨¡¥à£®¬ ¢ § ¬¥ç â¥«ì®© áâ âì¥ [1]. �â âìï [1] á®¤¥à-
¦¨â ¡®«¥¥ 40 áâà ¨æ,   ª®â®àëå ¯à¨¢¥¤¥® ¯®¤à®¡®¥ £¥®¬¥âà¨ç¥áª®¥ ¤®ª § â¥«ìáâ¢® ¥ â®«ìª®
â¥®à¥¬ë �©¥à , ® ¨ ¤àã£¨å ªà á¨¢ëå à¥§ã«ìâ â®¢. �â®¡ë ¯®«ãç¨âì ¢®§¬®¦® ¡®«¥¥ ª®à®âª®¥
£¥®¬¥âà¨ç¥áª®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �©¥à , ¬ë ¯®¯à®¡®¢ «¨ á¤¥« âì ¢ áå¥¬¥ ¥ª®â®àë¥ ã¯à®-
é¥¨ï (¢ ç áâ®áâ¨, ¨á¯®«ì§®¢ ¨¥ ¢ áå¥¬¥ § ¤ ç¨ 0.3). � ª¦¥ ¥ª®â®àë¥ ã¯à®é¥¨ï ¯®ï¢¨«¨áì
¯®á«¥ § ïâ¨© á® èª®«ì¨ª ¬¨, ¯à®¢¥¤¥ëå   �®áì¬®© á¬¥¥ "�ë© ¬ â¥¬ â¨ª" (2012 £.) ¢ ���
"�à«¥®ª", ¢ ç áâ®áâ¨ ¯®«¥§ë¬¨ ®ª § «¨áì § ¬¥ç ¨ï �. �¨¤¨ .

�à¥¤¢ à¨â¥«ìë¥ § ¤ ç¨.

�à¥¤« £ ¥¬ ¤®ª § âì ¥áª®«ìª® ¨§¢¥áâëå ä ªâ®¢, ª®â®àë¥ ¡ã¤ãâ ¯®«¥§ë ¢ ®á®¢®© á¥à¨¨.

0.1. �   ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ ®àâ®æ¥âà âà¥ã£®«ì¨ª . �®£¤  ¯àï¬ë¥, á¨¬¬¥âà¨çë¥ íâ®©
¯àï¬®© ®â®á¨â¥«ì® ¥£® áâ®à®, ¯¥à¥á¥ª îâáï ¢ ®¤®© â®çª¥, «¥¦ é¥©   ®¯¨á ®© ®ªàã¦-
®áâ¨.

0.2. �  ¯ à ««¥«®£à ¬¬ ABCD. �ãáâì â®çª  K | â®çª    ®¯¨á ®© ®ªàã¦®áâ¨ âà¥ã£®«ì¨ª 
ABC, ¨ K ′ á¨¬¬¥âà¨ç  K ®â®á¨â¥«ì® AC. �®£¤  ∠DK ′H = 90◦, £¤¥ H | ®àâ®æ¥âà
âà¥ã£®«ì¨ª  ABC.

0.3. �   æ¥âà «ì®-á¨¬¬¥âà¨ç ï § ¬ªãâ ï è¥áâ¨§¢¥ ï «®¬  ï ABCDEFA. �®ª ¦¨â¥,
çâ® «¨¡® â®çª¨ A,B,C, D,E, F «¥¦ â   ®¤®© ®ªàã¦®áâ¨, «¨¡® ®¯¨á ë¥ ®ªàã¦®áâ¨ âà¥-
ã£®«ì¨ª®¢ ABC, CDE, EFA ¨ BDF ¨¬¥îâ ¥¤¨áâ¢¥ãî ®¡éãî â®çªã.

0.4. �  âà¥ã£®«ì¨ª ABC,   â ª¦¥ â®çª¨ P ¨ P ′. �ãáâì XY Z ¨ X ′Y ′Z ′ | ¯¥¤ «ìë¥ âà¥ã£®«ì¨ª¨
â®ç¥ª P ¨ P ′ á®®â¢¥âáâ¢¥®. �ãáâì S | ®¡é ï â®çª  ¯¥¤ «ìëå ®ªàã¦®áâ¥© (XY Z) ¨
(X ′Y ′Z ′),   l ¨ l′ | ª á â¥«ìë¥ ª ¨¬, ¯à®¢¥¤¥ë¥ ¢ â®çª¥ S. �®ª ¦¨â¥, çâ® ∠(l, l′) =
= 2∠(SX,SX ′)−∠(PA, AC)+∠(PB, BA)+∠(PC, CB)+∠(P ′A,AC)−∠(P ′B,BA)−∠(P ′C, CB).
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�á®¢ë¥ § ¤ ç¨.

�ãáâì ABC | âà¥ã£®«ì¨ª. �¢¥¤¥¬ ®¡®§ ç¥¨ï (ª®â®àë¥ ¡ã¤ãâ ¤¥©áâ¢®¢ âì ¢® ¢á¥å ®á®¢ëå
§ ¤ ç å): H | ®àâ®æ¥âà; Ha,Hb,Hc | ®á®¢ ¨ï ¢ëá®â; A′, B′, C ′ | á¥à¥¤¨ë áâ®à®;
Ω′ = (A′B′C ′) | ®ªàã¦®áâì 9 â®ç¥ª (¯à®å®¤ïé ï â ª¦¥ ç¥à¥§ â®çª¨ Ha,Hb,Hc); O | æ¥âà
®¯¨á ®© ®ªàã¦®áâ¨.
�ãáâì P | ¯à®¨§¢®«ì ï â®çª  ¯«®áª®áâ¨, ®â«¨ç ï ®â O; XY Z | ¥¥ ¯¥¤ «ìë© âà¥ã£®«ì¨ª
(â® ¥áâì X,Y, Z | ¯à®¥ªæ¨¨ â®çª¨ P   ¯àï¬ë¥ BC, CA, AB á®®â¢¥âáâ¢¥®).
�ë ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ â®çªã L ª ª â®çªã ¯¥à¥á¥ç¥¨ï ¯àï¬ëå x, y, z, á¨¬¬¥âà¨çëå OP
®â®á¨â¥«ì® áâ®à® âà¥ã£®«ì¨ª  A′B′C ′.2 �®£« á® § ¤ ç¥ 0.1, â®çª  L áãé¥áâ¢ã¥â ¨ «¥¦¨â
  ®ªàã¦®áâ¨ Ω′.
�ãáâì X ′, Y ′, Z ′ á¨¬¬¥âà¨çë L ®â®á¨â¥«ì® B′C ′, C ′A′, A′B′ á®®â¢¥âáâ¢¥®.

1. �®ª ¦¨â¥, çâ® X ′, Y ′, Z ′ | ¯à®¥ªæ¨¨ A, B, C   OP .
�¯à¥¤¥«¨¬ D, E, F ª ª ®àâ®æ¥âàë âà¥ã£®«ì¨ª®¢ AY Z, BZX, CXY á®®â¢¥âáâ¢¥®.

1�â¢¥à¦¤¥¨¥ § ¤ ç¨ ä ªâ¨ç¥áª¨ ®§ ç ¥â, çâ® ¤«ï  å®¦¤¥¨ï ã£«  ¬¥¦¤ã ¤¢ã¬ï ¯¥¤ «ìë¬¨ ®ªàã¦®áâï¬¨
¤®áâ â®ç®  ©â¨ ã£®« ∠(SX, SX ′).

2� ¬¥â¨¬, çâ® L § ¢¨á¨â ®â ¯àï¬®© OP (® ¥ ®â ¯®«®¦¥¨ï â®çª¨ P   ¥©).



2. �®ª ¦¨â¥, çâ® ®ªàã¦®áâì (EXF )

 ) ¯®«ãç ¥âáï ¨§ ®ªàã¦®áâ¨ (AY PZ) ¯ à ««¥«ìë¬ ¯¥à¥®á®¬   ¢¥ªâ®à −−→PX;
¡) á®¤¥à¦¨â Ha;
¢) á¨¬¬¥âà¨ç  ®ªàã¦®áâ¨ á ¤¨ ¬¥âà®¬ AP ®â®á¨â¥«ì® B′C ′;
£) ¯à®å®¤¨â ç¥à¥§ L.

3. �®ª ¦¨â¥, çâ® L ∈ (XY Z).

4.  ) �®ª ¦¨â¥, çâ® ∠(LX, LHa) = ∠(AP, AHa).
¡) (â¥®à¥¬  �©¥à ) �®ª ¦¨â¥, çâ® (®à¨¥â¨à®¢ ë©) ã£®« ¬¥¦¤ã ª á â¥«ìë¬¨ ª ®ªàã¦®á-
âï¬ (XY Z) ¨ Ω′, ¯à®¢¥¤¥ë¬¨ ¢ â®çª¥ L, à ¢¥ à ¢¥ π

2
−∠(PA, AB)−∠(PB,BC)−∠(PC, CA).
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