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eopemMa Xennv 1 BOKpyr Hee

B.[TPOTACOB

TpyaHo C TpemMa... [TOTOM 4UCTIO yXe He MMeeT 3HaYeHMA.
B.HepHbix. MockBa cnesam He Beput

EKOTOPBIE MATEMATUYECKUNE OB bEKTbBI IUME-
10T coOcTBeHHbIe nMeHa. Teopema Buera, mpsimas
ditnepa... Jlo6oit cTyneHT-MaTeMaTHK K MOMEHTY
OKOHYAHWSI YHUBEPCHUTETA 3HACT X CTOJBKO, YTO BIOJHE
MOr Obl CZIaBaTh CIEIATbHBIN 9K3aMEH: KaKkoe MMs 4YTO
osnauaer. Ecim Mencen — 1o nepasenctso, ecaun Dpes-
roJIbM — TO ajbTepHaTHBa, a ecau ['pébuep — TO 6asuc.
ABcTpuiickuil MaTeMaTHK XeJIJIM OCTABUJI TTocJie cebst TPH
BeJiKue TeopeMbl. OiHa U3 HUX SABJISETCS Tellepb HEOTheM-
JIEMOH YacTbIO BBIIIYKJIOH reoMeTpuu, /IBe ApPyrue IpoyHo
Jiersin B pyHIaMeHT Teopun GyHKIW. Bee Tpu omHaKOBO
BaKHBI U TI0JIe3HBI. [[09TOMY MaTeMaTnKy, He BJABasiCh B
Mo/IPOOHOCTH, TaK W HA3BIBAIOT UX TI0 HOMEpaM: IepBas,
BTOpast M TpeThbs TeopeMmbl Xesu. Ciydail, HACKOJbKO
HAM U3BECTHO, YHUKaJAbHbIH. OO0 yAMBUTEIbHOU CYIAbOe
aBTOpA TPEX TEOPEM MbI elle TOrOBOPHUM, a ToKa — O
MaTeMaTH4ecKoM cojiepskainu. CTaTbs MOCBSIIEHA Tep-
BOH TeopeMe XeJsin. JTa TeopeMa OTHOCUTCS K KpacuBeli-
el 06J1aCTH MaTeMATUKU — BBIMTYKJION reOMeTpui.
Hey:xenu BbIIyKJIbIle MHOXKECTBA TaK MHTEPECHBI, 4TO
JUIS HUX CO3/IaHO OT/IeJIbHOE HallpaBJieHHe MaTeMaTHKU?
[a, xota nousaan 310 oA He cpady. OauH U3 NEepBbIX
pPe3yJIbTaToOB BBIMYKJOW reoMerpun — Teopema Kormm o
JKECTKOCTH BBIMTYKJIbIX MHOTOTPDAHHUKOB, OTKpBITas B
1813 rony (0 Hell MOYKHO IIPOYNTATD, HAITPUMED, B CTAThe
H. Ton6ununa B «Ksanre» Ne 5-63a 2001 1.). K cepeune
XX Beka OBLIO YCTAHOBJEHO MHOMKECTBO HHTEPECHDIX
reOMETPUYECKUX CBOWCTB, MPUCYIIMX TOJBKO BBITYKJIBIM
durypam. CsoiictBa 3TH KacaioTcs 00HEMOB, CEUEHMUI,
0cOOBIX TOYeK, OOIIell CTPYKTYDPbI BBIMYKJBIX Tes. Tak
yeunusaMu MunkoBckoro, Pajona, @enxens, Anekcan/-
poBa, Kpeiina, [llaupenbmana, boarsuckoro, Pokader-
Japa, I'pror6aymMa 1 MHOTHX IPYTHX MaTeMaTHKOB BBITYK-
Jasi reoMeTprst 0DOPMIJIACh B OTAEJIBHYIO TUCIUILIHHY
(cMm. 06 atom crarbio B. Tuxomuposa B «Kpante» No 4 3a
2003 1.). U nepsas Teopema
XeJ1nu 3aHd/1a B Heil 10CToi-
HOe MecTo.
4 MHoskecTBO Ha3blBaeTcs
BUINYKIbLM, €CITH JIJIST TI0O0T
Hapbl €ro TOYeK OHO I[eJIH-
_ Heevinyrioe  goy comepsknT OTPE3OK MEK-
MHOHECTNED MHOMECTHEO Iy STHMH TOYKAMHU (pI/IC 1 )
pac. 1 BbinykJibie MHOKECTBA MBI
Takke Oy/ieM Ha3bIBaTb BBIMYKJIBIMU (DUTYpPaMU WJIH BbI-
yKJbIMU Testamu. OJiHa TouKa, Kpyr, TPeyrobHUK, I10J1y-
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Mockosckuil 20cy0apcmeenHnvlil YyHUGEPCUMEM, MeXAHUKO-MA-
memamuueckuil axysvmem,e-mail: v-protassov@yandex.ru

‘ 01-24.p65 8

i

ILJIOCKOCTD, BCSI IJIOCKOCTD — BBITTYKJIble (purypoi. HeTbipe-
XYTOJBHUK — BBIIYKJIbIN, €CJIM BCE €T0 BHYTPEHHUE YTJIbI
Menbite 180° (aT0, BIipoueM, BepHO U /15 JH060T0 MHOTO-
yrosbHuka; puc.2). Jlokaxure (310 COBCeM JIeTKoe YII-
Pa’kKHEHHUE), 4TO Iepecedenne Jo00ro, gaxke OeCKOHETHO-
TO, YHCJIA BBITYKJIBIX MHO-
JKeCTB — BBIMYKJO. [las
MHOKECTB B IPOCTPaH-
CTBE OITPE/IeIEHNE BbITYK-
JIOCTH OCTAETCSI TAKUM JKe.
[Tap, Terpasap, mouy-
MIPOCTPAHCTBO — BBITYK-
apl. Hanmeemcsa, sto me
OYEHD YCJOKHUT BOCTIPHU-
SATHE CTaTbH, €CJU Mbl
6yzieM (popMyIHpPOBATH BCe Pe3yJbTaThbl B OOIIEM Caydae,
JUIST TIPOCTPaHCTBA R? ,tme d =1, 2 wm 3 — ero
pasMepHOCTD. Taxk, R!— npaMas, RZ — IIJIOCKOCTD, a R3
— MPOCTPAHCTBO. MBI OIPAaHUYNMCS TOJBKO ATUMU CJIyda-
SIMU, XOTSI YUTATeJb, 3HAKOMbIN C MOHSTHEM d-MEPHOTO
eBKJIN/I0BA NpoCcTpancTBa (910 — MaTepuas mepBoro Kypcea
WHCTUTYTA), JIETKO MEPEHECeT BCe JI0KA3aTEIbCTBA U Ha
o01uii ciryyaii.

a>180°

Buoingrantit Hesuvinyxavtii
MHOZOYZOTIbHUK — MHOZOYZ0TbHUK

Puc. 2

MNMepBas Teopema Xennu

Teopema 1 (Xenmu, 1913). B npocmpancmee R dano
KOHEUHOEe CeMeliCmeo 8binYKAbIX MHOKecms. H3eecmmo,
umo nobvie d + 1 muoxecms nepecexaiomes. Tozda éce
OHU hepeceKarnmcs.

Wraxk, ecau jioOble, Kakue HU B3ATb, d + 1 MHOMKeCTB
HAIIIETO ceMelicTBA UMEIOT OOIIYI0 TOUKY, TO 1 BCE MHOJKe-
cTBa uMeroT obmuryio Touky. Ecmu d = 1, to R' — npsamas
suaus. JIio6oe BBIMYKJI0e MHOXKECTBO Ha TPSIMON — 3TO
YHCIOBOI TIPOMEKYTOK, 60 Koneunbrii (oTpesok [a;b],
unrepsan (a;b) wm noayunrepsar: [a;b) wm (a;b]),
n6o 6eCKOHeYHbII: JIyd 1 Best psiMasi. Teopema Xesin
B 9TOM CJlydae YTBEPIK/AET, UTO eCJU Ha HPSIMOU J[AHO
KOHEYHOE CeMEHCTBO MPOMEKYTKOB, TpUUYeM JI0GbIe JiBa
MEPECEKAIOTCST, TO M BCE OHMU TepecekaioTcsi. /lokasarb aTo
HECJI0KHO. [1ycTh, [ TPOCTOTHI, BCE HAIIN TIPOMEIKYTKI
—orpeskn [a; b;], i=1, ..., n. Cpe/it BCex J€BBIX KOHIIOB
@; TUX OTPE3KOB BO3bMEM HAUGOJIBIINN, TTyCTh 3TO Gy/1eT
a, . Cpejin Bcex TPaBbIX KOHIOB BO3bMEM HAUMEHDINNII,
nyctb ato 6ymer b, . Ecaum a, <b,, To Kaxabiii us
JIAHHBIX OTPe3KOB [a;; b;| conepskut orpesok [a; b, ], n
Bce sokasano. Hy a cayuait @, > b,, HeBO3MOXKeH: Tor/1a
orpeskn [ay; by| u [a,; b,,| ne nepecexatorcs.
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VYupaxuenue 1. [oxaxure teopemy Xesu B caydae d = 1
JUT TOGBIX TTPOMEKYTKOB.

CJI0’)KHOCTH HAYMHAIOTCS ¢ pa3MepHocTd d = 2. B atom
cayvae TeopeMa XeJlI yTBePsK/IA€eT, YTO eCyIi Ha [1JI0CKO-
CTH JJaHO KOHEYHOE CeMeHCTBO BBIIIYKJbIX MHOXKECTB,
npudyeM J06ble TPH TIEPECEeKAloTCs, TOTJa W BCE OHU
mepeceKaroTes.

[oxa3aTeabcTBO TeopeMbl XeJJU Mbl ITPOBEAEM /IS
caydass d = 2, a caydait d = 3 oCTaBUM B KadyecTBe
ynpaxkHenus. VITak, Ha MJIOCKOCTH /IaHbI BBIITYKJIble MHO-
xectBa Ay,...,A,, MoOble TPU U3 HUX IEPECEKAIOTCH.
Hanmo moxasathb, 4To Bce oHU Tepecekaiotcd. [Ipumernm
MEeTO/l MaTeMaTHYeCKOH MH/YKIINU TI0 YUCJTY MHOKECTB 7.
Ecnu n =3, To nokasbiBaTh Hevero. [lycrs n > 4, u gano,
uTO J1I06bIe 72 — 1 MHOKECTB nepecekaroTcest (910 — Ipearo-
JIOJKEHWE WH/TYKITIH, TTPUMeHEHHOE K JTI06bIM 72 — 1 MHO3Ke-
CTBaM Halllero cemeiicrtsa). [[OKakeM, 4TO IepeceKaioTcst
Bce n. IlpexamososkumM o6paTHOE: OHN HE TEPECEeKaIoTCs.
Torga pus mro6oro ¢ HafiieTcs Touka M, , TIpIMHAJIEKA-
mas BceM MHOXecTBaM Ay,..., A, , kpoMe A; . Ham nona-
H06ATCA TOMBKO MepBble YeThIPe U3 9TUX Touek: My, M,,
Mz n M,. Eciu 5T TOYKM ABJAIOTCA BepHIMHAMU
BDBIIIYKJIOIO YeTbIpeXyrojabHuxka M M,M;M, , T0O BO3bMEM
TOUKY llepecedyenus ero guaronaneid M;Ms; u M,M, u
o6osnaunm ee yepes M (puc.3). [lis kaxaoro k, oriny-
Horo ot 1 u 3, Toukn M| u M5 puHaLIEKAT MHOXKECTBY
A, , sHaunt (B cuay BBINYKJAOCTH!), ¥ BEChb OTPE3OK
M;M; nexur B A, M03TOMY
MeA,. Urax, M e A, nua
Bcex R, orsimynbix ot 1 u 3. Tak
JKe paccMarTpuBaeM W BTOPYIO
quaronanb M,M, , n nosydaem,
yro M € A, nuis Bcex R, oTany-
HBIX OT 2 u 4. Wrak, Touka M
npUHAATEeXUT BceM A, . Ecam
’Ke TOYKW He SIBJISTIOTCS BEpIIH-
HaMH BBIMYKJIOTO YeThIPEXYTOb-
HUKA, TO OJHA W3 HUX JIE)XUT BHYTPH TPEYTOJIbHHUKA C
BepumHaMu B Tpex aApyrux (mouemy?). [ycts Touka M
IIPUHA/IIESKHUT TPEYTOabHUKY M M,My (puc.4). Muosxe-
ctBO A, cojepxuT Bce TpH BepumHbl M;M,M;, a

M 3HAYUT, COJCPKUT BECh TPe-

! YrOJMbHUK (BHOBD MOJTb3y€eM-

cst BbIMyKa0CThio). Clreso-

BatesbHO, M, € A,. Ho, ¢

JIPYTOH CTOPOHBI, TIO OTIpe-

penenmo M, € A, npuBcex

M, o k # 4. llotomy M, — o6-

Puc 4 2 Iasg TOYKa BCEX MHOXKECTB

Ay, ...,A,. Jro 3aBepiiaer

JI0Ka3aTeJbCTBO MHAYKTHBHOTO Tepexosia oT n — 1 k n, a
3HAYUT, U Bcell TeopeMbl Tipn d = 2.

Puc. 3

Yunpaknenus

2. Ilpumenute TO K€ paccy:K/eHue [JIsI JO0KA3aTeNbCTBA
TeopeMbl XeJIIH B R3.

3. [IpuBeauTe npunMep, MOKA3bIBAOIINI, YTO TeopeMa XeJiu
HE BDBIMOJIHSAETCS I/ HEBBIITYKJIBIX MHOKECTB.

Jra TeopeMa BepHA M /iy GECKOHEYHOTO CeMEelCTBa
BBIITYKJIbIX MHOKecTB. [IpaBma, ¢ ogHUM [OTOJHUTE/D-
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HBIM YCJIOBHEM: BCE MHOXKECTBA JIOJDKHBI OBITh HE TOJDBKO
BBIITYKJIbI, HO €IIle 1 OrpaHndeHbl 1 3aMKHyTbl. C orpanu-
YeHHOCTBIO BCE TIOHSITHO: MHOXXECTBO OTPAHMYEHO, €CJIN
OHO COJEPKUTCSI B HEKOTOPOM Imape. A 9UTO 3HAUUT
3aMKHYTOCTB? MHOXeCTBO A Ha3bBIBACTCS 3aMKHYTBIM,
€CcJI OHO COJICP’KUT BCE CBOU IIpeJesIbHbIe TOUYKH. ITO
03HAYAET, YTO €CJIU MTOCJE/I0BATEIBHOCTD TOYEK X}, , k € N,
Kask/lag M3 KOTOPbIX npunajieskut A, crpemurcs (T.e.
HEOTPAHNYEHHO MPUGIMIKAETCS) K HEKOTOPOil TOYKE X, TO
npejiebHas TOUKA X Takke npuHajnexut A. Hanpumep,
O/THA TOYKA — 3aMKHYTOC MHOXXeCTBO. KpyT 6e3 rpaHuIibl
(OTKPBITHIN KPyT) HE 3aMKHYT, a C TPaHUIlCii — 3aMKHYT.
Ho ecuit BbIKOJIOTD 13 KpyTa JI06YIO TOYKY, OH IIEPeCTaeT
ObITb 3aMKHYTBIM. /JLJI1 BBIMYKJBIX MHOXKECTB MOXKHO
CKa3aTb TPOIIe: 3aMKHYThIe — 3TO MHOKECTBA, B3STHIE CO
cBoeil rpanureii. Mrak,

Teopema Xeanu eepua u 04 6ECKOHEUHBLX CeMeUCME
BHINYKABIX MHOKECMNE, ECU 6C€ MHOKECMEA 0ZPAHULCHDL
U 3aMKHYMbL.

[lokaspiBaTh MbI 9TOTO He GyjieM, OTMETHM TOJIbKO, Y4TO
1 OTPaHNYE€HHOCTb U 3aMKHYTOCTDb CYHIECTBEHHDI. HaHpI/I-
Mep, B cemeiicTse yueit Ay = [k + ), k € N, Ha npsamoii
R1 BCE€ MHOJKECTBA BDbIIIYKJIbI 1 3aMKHYTbI, 1 JI0OBIE ABa
HepeceKaloTcsi, Ho BCe OHM HE UMEIOT 0011eil ToOYKH. 3/1ech
HE BBINOJHEHO YCJOBHE OIPAHMYEHHOCTH. A €cJu He
BBITTOJIHEHO YCJIOBHE 3aMKHYTOCTH, KOHTPIIPUMEp [aeT

ceMelicTBO UHTepBaJIOB A = (0; %) , keN.

KTo Bbl, Muctep Xennu?

JKusnb daBapna Xesam — CToJb JKe sSpKas U HeoObId-
Has, Kak W ero TeopeMbl. Kaszamoch ObI, 37as cyabba
Jlesasa Bee, 4ToObI He JIaTh eMy 3aHUMAaThCs HayKoi. XoTs
HAYaJI0 KU3HU 00emano 6JNCTaTebHYyI0 Kapbepy. 3amiu-
tuB B 1907 rony mucceprammio B Benckom yHUBepcuTere,
23-7eTHUil y4eHblil OblJ HAIIPaBJIEH HA TOJOBYIO CTaXKH-
poBky B l'epmanunio, B lertmHreHckmii yHuBepcurer —
IEHTP MUPOBOII MaTeMaTUKU TOTO BpeMeHu. Ero yuures-
mu ctaiu ['mab6epr, Munkosckuii, Kieiin. Bepuysiumch
B Beny, oH 3aH47ICS HOBBIM I1€PE/IOBbIM HAIllpABJIEHUEM —
teopuei pynkiwmii. B 1912 rogay Xesu ny6aukyer paboTy
«Uber lineare Funktionaloperationen» (O auHeiiHbIx
(PYHKIIMOHANBHBIX OIEpaTopax), IJe [MOKa3bIBAET JIBE
dyHIaMeHTaNIbHBIE TEOPEMBI, KOTOPBIE CTAJN TOTOM HA3bI-
BaThCsl BTOPOH M TpeTbeil TeopeMaMu XeJssan, a KpoMme
TOTO, /IOKA3bIBAET OJIMH M3 OCHOBOIIOJIATATONIX PE3yIbTa-
ToB Teopuu dyHKImit — reopemy Xana—bBanaxa (3a 15 ser
qo Xana u 3a 20 — go Bamaxal). Xeaaum ocosHaer
UCKJTIOYUTEJNBbHYIO BAXKHOCTD BBIMYKJIOH T€OMETPUU U 4e-
pe3 rojl IoKa3biBaeT «IepBylo Teopemy Xesans. [la, 1a,
nepBas TeopeMa XeJIJIU MOSBUJIACH Ha TOJ[ 1T033Ke BTOPOl
n tpetbeit! Ho oy6mkoBars on ee He yenes. B 1914 rony
IpsHyJIa [epBasg MUpoBas BOHHA, U IOALaHHBIH ABCTPO-
Benrepckoit umnepun Jasapa Xesiu OblI MPU3BAH HA
BOCTOUHBIH (poHT — BoeBath ¢ Poccmeii. Ilocse roma
TSDKeJbIX 60eB JIEHTeHaHT XeJITH TOJYYUT CMEPTEJIbHOEe
paHeHwue: MmyJist MpoInia yepe3 jgerkoe. OH 4yI0M BbIKILI,
oMl B PYCCKUIA TIJIEH, HECKOJIBKO JIET TIPOBEJ B PYCCKUX
TOCIUTANIAX, & 3aTeM B Jiarepgx /sl BOCHHOILJIEHHBIX B
Cubupu. B 1918 roay Boiina 3akonuunach. /s Bcex, Ho

29.05.09, 14.01



| NN T 1]

10 KBAHT -

He /LI [JIeHHbIX Ha Teppurtopun Poccun. ITockonbky, Kak
nucaay 3ala/iible MCTOPUKHU, «PYCCKUE apMUM, BMECTO
TOTO 4YTOOBI CJOKHTD OPY’KHME, HAayajJu BOEBATh JIPYT C
npyromsy. B Poccun Havanach rpaskiaHcKast BOWHA, TOJO/,
HepasOepuxa. Xesmn go6padcst 10 Bragusoctoka, oTTy/1a
— B Anonmnio, yepes Bcio Asuio — gomoii. JIummb B 1920 romy
eMy ya10ch BepHyThest B Beny, rae on (mocote mectuier-
HEro mepepbiBal) BO3BpAlIaeTcs K HAYYHBIM 3aHATUAM U
MoJiydaeT psiji CUJIbHBIX pe3yJibTaToB. HecMoTps Ha ato,
YCTPOUTHCA Ha IPENoiaBaTesbCKylo paboTy OH HE CMOT:
BCE MeCTa B YHUBEPCUTETaX OBLIM 3aHSATHI MOJIOIBIME, U
TPUALIATUCEMUJICTHUI MHBAJI/ BOWHDBI OKAa3aJCsd HUKOMY
He Hy>XHBIM. Ho Xesmn He caeTcst: 3apabaTbiBaeT perie-
TUTOPCTBOM, WHIIET <«PeNIeOHUKN», Aaxke paboTaeT B
6aHKe, a TIocJie — B CTPaxoBoii KoMnaHuu. [locTerneHHo ero
JKU3HD YCTpPaWBaeTCs, CJOysK0a B CTPaXOBOW KOMITAHUU
MPUHOCUT XOPOIIUH JJOXO/T, OCTABJISIS BPEMS [IJIT HAYTHBIX
UCCJIE/IOBAHUI, KOTOPbIE OH He MpeKpalaeT Hi Ha JICHb.
Kazamnoch 6b1 — 4epHas moJioca B sku3Hu mpomiia. Ho B
1938 roay B Beny Bxoagt Hanuctbl (1evaabHO U3BECTHBIN
«@HILTIOC ABCTPUU» ), U eBpess XeJIN YBOJbHSAIOT, TO/I-
Bepraior npecJegopanugM. OH IIpUHUMAET pelieHne SMUT-
puposatb ¢ cembeii B CIIIA. Ecsin 6b1 o1 3TOTO He caemnat,
TO, BEPOSITHO, OKazajicst 6bl B Ta3oBoil kKamepe. yKusub B
AMepuke TToHauaJTy GbLTa HEJIETKOI: CTpaHa IeperoTHeHa
yueHbIMH 13 EBpomsl, 6eskaBuiMu ot dammama. JIummb
MOJI/IEPsKKA U MTOMOITh AJibOepTa DWHIITEIHA TO3BOJIHIIH
XeJIT TIOJIyYuTh paboTy B YHUBEPCHUTETE, T/Ie OH HAKOHETI-
TO CMOT TOJIHOCTBIO CKOHIIEHTPUPOBATHCS HA HAYYHOI
pabore.

MpunoxxeHus TeopemMbl Xennu

Mpbl HauHEM ¢ TPUMEHEHUH TeopeMbl XeJlJIn K 3a/iauaM
3JIEeMEHTAPHOU TeOMeTPUH.

3agaua 1. Ha naockocmu 0ano npoussoivioe MHoXKe-
cmeo mouex. JI100vie mpu U3 HUX MOKHO HAKPLLING KPY2ZOM
paduyca 1. Tozda' u 6ce MHoKeCcmME0 MOKHO HAKPLIND
Kpyzom paduyca 1.

Pemenne. [Ipumenum teopemy Xesn K CeMEHCTBY
3aMKHYTBIX KPYTOB €[MHUYHOTO pajinyca C IIeHTPAMU B
TOYKaX JAHHOTO MHOKecTBa. JIfoOble TpU Kpyra rnepeceka-
iorcss (nx o6mas ToYKa — HEHTP EeAMHUYHOTO KpyTa,
KOTOPBIH TIOKPBIBAET TPH COOTBETCTBYIOIIME TOUKM ). 3Ha-
YUT, BCE KPYTH UMEIOT HEKOTOpYIo o6mryio Touky O. Torzna
eIMHUYHBIN KPyT ¢ 1eHTpoM O CcOmep:KUT Bce TOYKH
HAIIero MHOXKECTBA.

Pemtenvie 3ajiaun 1 ¢ npuMeneHueM TeopeMbl XeJuid
nosiBusIoCh BiiepBblie B 1941 rony B pabore Bitomenrtans u
Basmna. OiHako B TOM e IOJIy ero He3aBUCHUMO TTOJTY YT
yueHuk 182 mockoBckoii mkospl Muiia Bonrapa. Cayuu-
Joch 3TO Tak. 3ajgava 1 OblIa MpeIoKeHa Ha CebMOi
MocCKOBCKOIT MaTeMaTHYeCKON OJIMMINA/IE TTKOJbHIKOB
BecHol 1941 roma. Ee aBTopbl mpeamosaramym Jpyroe
pemmenne. Ognako M.Bonrapa cBen 3amauy K Teopeme
Xes, KOTOPYIO, KOHEYHO JKe, He 3HaJ, HO JOCTATOYHO
OBICTPO [TOKA3AJI JIJIS CJiydasi, KOTr/la BCe BBIMYKJIbIe (DUTy-
Pbl — OJIMHAKOBBIE KPYTru. B TOM ’Ke TOMy TaJlaHTINBBIHA

"' Popmyauposkax 3adan u ynpaxneruil Mol 6yoem onycKamo
caosa </loxaxume, umo...»
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ITKOJbHUK TOCTYNMUJ B YHUBEPCUTET, HO HAYABIIAICS
BOWHA TIpepBaJia Bce KM3HEHHble TiaHbl. OH yiies Ha
¢pont, 6b11 panen. Ilocne BoitHbl Muxans MonceeBud
Bonrapa cran KpymHEHIIMM MaTeMaTHKOM, OJHUM U3
OCHOBOTIOJIOKHIUKOB MAaTEeMaTHYECKOTO MOJICTTUPOBAHUS U
TEOPUH PaCMo3HaBaHUA 06PaA30B.

Bor ere oiHO TpuMeHeHWE TeopeMbl XeJIJIN K TeOMETPH-
yeckoil 3ajave. JlaH NPOM3BOJIbHBINA BBIMYKJbBIH CceMU-
YTOJTbHUK. PaccMOTPUM BCEBO3MOSKHbBIE BBITYKJIbIC TISTH-
VIOJbHUKN C BEPIIMHAMU B BEPIIMHAX CEMUYTOJbHUKA.
CxoJsbkO Bcero Takux nsruyroabHukoB? Posuo 21. B
caMOM JieJie, KaXK/OMYy I[STUYTOJIBHUKY COOTBETCTBYET
napa BepiuH (CeMUyToIbHUKA), KOTOPbIE OH He CoAep-
skutT. [loaToMy NATHYTOJBHUKOB CTOJIBKO, CKOJBKO Tap
BEPIIMH Y CEMUYTOJHHUKA, YTO PABHO YHCJIY COUCTAHWI 13

7-6
710 2, a3T0 T = 21 . Oka3bIBaeTcs, BCE 3TH ISATUYTOTb-

HUKHM UMEIOT 00TIyI0 TOYKY!

3anava 2. /[ npoussonvHo20 8bINYKI020 CEMUYZO0Ib-
HUKA 6Ce BLINYKIble NAMUYZOILHUKU C GEPUUHAMU 6
BEPUUHAX CEMUYZOTLHUKA UMEIOM 0OULYI0 MOUKY.

Pemenue. Kax/iplii 9THYTOJBHUK He cOOEPKUM POBHO
JIBE BEPITHHBI CEMIYTOIbHNKA, TO3TOMY JIFOOBIE TPH MSATH-
YTOJBHUKA NMEIOT OOIIYIO BEPIINHY, a 3HAUUT — IepeceKa-
ioTcd. OcraeTcs IPUMEHUTD TeopeMy XeJLIu.

Cuaenytonmmii npumep — u3 aareOpol. Hamomuum, 4To
JINHETHBIM HEPABEHCTBOM C JIBYMsI IlepeMEHHBIMU HAa3bIBa-
ercsi HepaBeHCTBO Buzpa ax + by + ¢ < 0 (crporoe
HepaBeHCTBO) uian ax + by + ¢ <0 (uecrporoe).

3agava 3. Jauma cucmema uz 100 nuneiinvix nepa-
sencms. Ecau a100vie mpu u3 Hux umerom oduee peuie-
Hue, Mo U 8Csl cucmemMda umeem peweHue.

Pemenne. Muoxectso touek (x; y), yAOBJIETBOPSIO-
IMIUX JUHENHOMY HepaBEHCTBY, SIBJISETCS IMOJYILIOCKOC-
TBIO, JM60, B MCKIIOYUTENBHOM CJydyae, Korja @ = b =
=0, ¢ <0 (um ¢ <0), miockoctbio. B mo6om cayuae
3TO MHOKECTBO BBITYKJO. Temepb TpUMEHsEM TeopeMy
XeJs.

3apaua 4. Ha niockocmu 0anvl HECKOALKO NAPALIENb-
HbLX ompe3kos. Hagecmio, umo 015 106vix mpex ompe3s-
K06 Haildemcsi npsimas, ux nepecexarowas. Tozda cyuje-
cmeyem npsamasi, nepecexaouids 6ce 3Mu OMpesKu.

@DopMyIMpOBKa 3TOW 3a/lauul BIIOJIHE 3JIeMEHTapHa, a
BOT pentenne — HeT. Hy:kHO 6y/1eT paccMOTPETh BBITYKJIble
MHOKECTBA, COCTOSIIINE He U3 TOUEK, a U3 NpsMbIX. C aTuM
MIPHEMOM Mbl BCTPETUMCS U B JJAJbHENIIIEM.

Pemenne. Bezem cucreMy KOOpAMHAT TakK, YTO OChb
Oy mapaJjiesnbHa TaHHBIM oTpe3kaM. JI10601 13 0Tpe3KoB
cocrout u3 touek (x;y), AL KOTOPBIX X = X,, Y <
Sy<y,, rae Xx,¥Y,Y, — Hexoropble uucia. IIpsamaa
y = kx + b nepecexaer aTOT OTpPE30K, ecan ¥y < Ry +
+ b < y, . llocTaBuM 3TOI MPSIMOI B COOTBETCTBHE TOUKY
(kb) € R* . MuoskectBo touek-npsmbix (k;b), mepeceka-
IONIX JTAHHBII OTPE30K, YI0BJIETBOPSIET BYM JIMTHEIHBIM
HEepaBeHCTBaM, a 3HAUYUT — BBIMYKJO. Jlio6bie Tpu Takmx
MHOKECTBA TIEPECEeKAIOTCSI, MOCKOIbKY CYIIECTBYET TIpsI-
Masi, Tlepecekarormas Tpu orpeska. [loaTomMy Bce MHOXKe-
CTBa WMEIOT OOMIYI0 TOUKY, T.€. CYIIECTBYeT IpsiMasi,
mepeceKaronas Bce OTPe3KN.
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Yunpaxknenus

4. CchopmymmpyiiTe 1 JoKaKuTe aHAJIOT 3a7aun 1 B mpocTpaH-
crBe R? .

5. Ha xoopauHaTHOIT IJTOCKOCTH [JaHO HECKOJIBKO BEPTHKAJIb-
HBIX OTPe3KOB. Ecim a1 JI0OBIX TPEX OTPE3KOB CYIIECTBYET
napa6ona y = x> + px + ¢ , KOTOpas UX Mepecekaer, To Haiiier-
cs Takas napaboJia, Mmepecekaionas cpazy BCe OTPE3KH.

Teopema MuHkoBckoro—-PagoHa

Tenepp mnepeiiieM K GoJjiee 3HAYMMBIM IIPUJIOKEHUIM
TeopeMbl XeJLIM, COCTABJSAIONUM BIIOJHE CAMOCTOSATE Ib-
Hble U BasKHbIe TeopeMbl. [lepBag u3 HUX Obliaa JOKa3aHa
B 1911 ropy BesukuM HeMelKUM MaTeMatukoMm ['epmanom
MunkoBcknM (1864—1909), oguuM m3 OcHOBaTeJel BBbI-
MYKJIOH TeOMETPUY 1 BBIITYKJIOTO aHAIN3a, 2 3aTeM yCHUJIe-
Ha ero yuenukom Morarnecom Pajonom (1887-1956). Dra
TeopeMa yCTaHABJIMBAET O/THO O6IIee TeOMETPUYECKOE CBOI-
CTBO BCEX BBIMYKJBIX MHOXKECTB.

Teopema 2 (Munkosckuii, 1911; Pagon,1916). Buym-
pU NPOUZBOSLHOZO 0ZPAHUUEHHOZO GHINYKI0Z0 MHOKE-
cmea 6 npocmpancmee R naiidemes mourxa M, o6.1ada-
10was caedyuum ceoticmeom: 0 1060t xopdo. AB,

dseii wepes M AM 4
npOXO Aueu ltepe3 , umeem BM = .

[l JaHHOTO OTPaHUYEHHOTO BBITYKJI0T0 MHOXKecTBa G
HamMeHbIIee Yucjao Y, A8 KOTOPOTo HaijaeTcs Touka M

AM
TakKas, u4To W <Y qus so6oii xopbl AB, nipoxosiieit

yepes M, HasblBaeTcsi KoHCTaHTON Munkosckoro—Pajo-
Ha. Mbl Gyem o6o3Hadarb a1y KoHcTanty Y(G). fcuo,
uto Beerpa Y(G) 2 1. B camom gesne, 1715t TpOM3BOJIBHOlM

AM
XOpZbl MOJKEM CUUTATb, YTO W > 1, nHadye IIOMeEHAEM

MectaMut TOUKu A 1 B. C ApyToil CTOPOHDI, HAIIPUMeEp, I
kpyra Ha miockoctn Y(G) =1, 10 xe — ama mapa B

npocrpanctse R? . D10 ske BepHO 1151 T1060iT IEHTPATBHO-
CUMMETPUYHON BBIIYKJION (PUTYPDI, IIOCKOJIbKY, [IOMECTHB

AM
TOuKy M B IEHTP CUMMETPUHU, IOJIYyYUM BM =1 nana
Jm060ft Xopabl. [loaToMy A7 TIPSIMOYTOTBHUKA WJIH LIS

KyOa koHcranta Munkosckoro—Pajiona pasna 1. Bepno n
obpatroe: ecin Y(G) =1, to durypa G umeer ueHtp
cummerpun (ynpaskuenue 6). Takum 06pasoM, KOHCTaHTa
Munkosckoro—Pajiona — 3To cBoero pojia Mepa HeCMMeT-
puutoctu burypsl. Teopema 2 yTBep:KIaeT, 4TO «CJIHUII-
KOM HECHMMETPUYHBIX> BBIIYKJIBIX (DUTYD He ObIBAET, J1JIsI
Kaxaoi u3 uux y < d . Tak, y m060il 110CKO# (Urypbl
y <2, ay mo6oil mpocTpaHcTBeHHOW Y < 3 .
HokasareabcTBO 1poBeneM st miockoet (d = 2).
[lst kaxzoii toukn A € G o6osnaunm uepes G, dury-

py, romoretnunyio G ¢ koapdurmenTom 3 OTHOCHTEJIHHO

toukn A. Uupivu croBamu, G, mosydaercss u3 Gurypbl

G cxxartueM OTHOCUTENBbHO TOUKH A ¢ KoadduiimenToM 3

Jlna mo6bix Tpex Touek Ay, Ay, A3 € G durypot G4, Gy,

u G, wumenor ofmyo Touky K — TOYKY mepeceyeHust

MequaH TpeyroibHnka AA,A; (puc.5). B camom gese,

eca P — cepepuna orpeska A, Az, TO 110 CBOICTBY Meuan

AK 2

ﬁ =3 ATaKKaK P e G (spimykmoctn!), 10 K € G4 .
1
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B
Puc. 6

Puc. 5

Ananornuno, Ke G, n K e G, . IIpumenus reopemy
Ay 3
Xesnu, noaydaeM, uto Bce purypet G, , A € G, nepece-

KaloTca B HekoTopoil Touke M (puc.6). Ecau mposectu

AM 2
yepe3 M mpousBoJbHYyIO Xopay AB, To B < 3 1o-

<2,

Kaxkas xe ¢urypa sBisercs caMoif HECUMMETPUYHOM,
T.e. y Kakoii purypor Y = d ? OTBeT BIIOJIHE OKUTAEM: HA
IJIOCKOCTH — 3TO TPEYTOJIbHHUK, TIpuyeM Jo6oi, a B
npocrpancTse — rerpasap (ynpaskuenue 8). Y iuBUTEIbHO
apyroe. OxasbiBaercsi, 910 — euHCTBeHHbIe Gurypoi (B
pasMepHoCTsIX 2 1 3), /Uit KOTOPbIX KOHCTaHTa MUHKOB-
crkoro—PasioHa paBHa d, y BCeX OCTaJbHBIX (DUTYp OHA
MeHble!

cxoabky M € G, a 3Ha4nT,

Yupaxuenus

6. Ecom koncranTa MuHKOBCKOTO—PajloHa 3aMKHYTOTO BbI-
MYKJOro MHOXecTBa paBHa 1, TO MHOKECTBO MMeeT IIEHTP
CUMMETPHUN.

7. Jloxkaxure TeopeMy MunkoBckoro—Pajiona B R3.

8. o1 mo6oro TpeyroJabHuKa Yy = 2, a /U1 J11060ro TeTpasipa
y=3.

9. Boruncaure koucranty MunkoBckoro—Pajiona

a) g Tpamenmu co croponamu 1,1,1 u 2;

6) I IPAMOTO KPYTOBOTO KOHYCa,;

B) JUISL TIPABUJIBHOI TPEYTONBHON MPU3MBbI.
3
10. IIpuBeauTe pUMEp MIOCKON PUTYPBI, ¥ KOTOPOil Y = 5
11*. Eciu a1 nockoil purypst y = 2, TO 3T0 TPEYIOJIbHUK.
Ecmn s Bemyksoro Tera B8 Ry =3, To 510 TeTpasap.

(Durypy u Teso cuuTaeM 3aMKHYTHIMU. )

HepaBseHcTBO OHra

BosbMeM MPOM3BOJIBHOE MHOKECTBO Ha IJIOCKOCTH, KO-
HeurHoe nm 6eCKOHEYHOe, BBITyKJI0e nin Het. V3BecTHo,
4TO PACCTOSTHUE MEXKAY JIOOBIMH JBYMsI €0 TOUKAMH He
npesBocxoaut 1. VHTepecHO, KPyromM Kakoro pajamyca
MO>KHO HAKPBITh 5TO MHOKeCTBO? UTOGBI CTPOro Imocra-
BUTb 3a/la4y, Mbl OFPAHMYMMCS 3aMKHYTbIMU MHOKECTBA-
mu (5710 calesano aas yao6¢TBa M, BOOGIIE TOBOPS, HECY-
IECTBEHHO) M BBEJIEM JiBa 0603HAYEHM.

JlnaMeTpoM OrpaHMYEHHOTO 3aMKHYTOIO MHOKECTBa
Ha3bIBAeTCsl HambOJIbIIEe PACCTOSHUE MEXK/IY ABYMS €ro
Toukamu. Jlmamerp MHOKecTBa MbI GyseM 0603HayaTh
6ykBoii D, a HamMeHbImil paguyc kpyra (8 R® — mapa),
B KOTOPOM MOMENIAETCST 9TO MHOKECTBO, — yepes R. ScHo,
uro Bcerna R < D . B camom nene, xpyr (imap) paamyca

29.05.09, 14.01
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D c¢ uentpoMm B J1060i1 M3 TOYEK [JaHHOTO MHOXKECTBA
COZIEPIKUT BCE MHOKECTBO. MOJKHO JI 060NTHCH MEHBIINM
pajurycoM — BOT Bompoc. [l HeKOTOPbIX MHOXKECTB — Jia.
Hampmmvep, mpsaMoyrobHUK AnamMeTpa D MOXXHO HAaKPBITh
KpyToM pazanyca D /2. JleficTBUTeJbHO, THAMETP MPSIMO-
YTOJBHUKA PaBeH €r0 JMaroHaId, a PAJUyC OMHNCAHHOTO
KpyTa paBeH ee MOJOBUHE. Tak 4ITo JJIsT IPSIMOYTOTbHUKA
R = D/2. Ha camom jiejie 3TO BepHO i JIO60TO
MHOKECTBA, UMEIONIEro MeHTp cuMmmerpun (yrpaskHeHue
12). A BOT /I8 PABHOCTOPOHHETO TPEYTOJIbHUKA PaHyC

HaKPBIBAIOIIETO KpyTa 4yTb GoJibiie: R = ?3 D . Oxas3bl-

BaeTCsl, 4TO TAaKOro PaJinyca XBATUT HE TOJDbKO JIJIst
TPeyroJbHUKA, HO U [IJIsT JTI060TO TJIOCKOTO MHOKECTBA.
dra Teopema Oblta qokazana B 1901 T. HeMelKuM MaTeMa-
tukoM [enpuxom IOnrom.

Teopema 3 (10ur, 1901). Jo6oe ozpanuuenioe 3amx-
Hymoe MHOKecmso A R? Juamempa D moxHO nomec-

d
0 —F—D
mumo 6 wap paouyca 2d+1)
Wrak, R < LD. I10 — Hepasencmeo FOmza
2(d +1)

MEX/AY AUaMETPOM MHOIKECTBaA U Pa/INyCOM HAKPbIBAIOIIE-
ro umapa. TaK, JLJIA JI000r0 IIJIOCKOIO MHOKECTBa

R<D _2 = ED . Kak Mb1 Buzesn, paBeHCTBO
2(2+1) 3

AOCTUTaETCA [JIA IIPAaBUJIBHOTO TPEYTroJIbHUKA. A JLTA

3
106oro MHOXecTBa B R’ noaysaeM R<D |——— =

2(3+1)
= \/gD , YTO B TOYHOCTH COOTBETCTBYET IIPABUJIBHOMY

TETPAd/IPY.

Hepagencto IOnra qokasano 3a 12 jiet 10 nosiBaeHust
teopembl Xesmn. Ho MaTemaTika He BCeTa TOAUNHSIETCS
xponoJsiornu. U nepasenctBo IOHra — ecrecTBeHHOE CJIejI-
cTBUE TeopeMbl Xesn. A yBUAETb 3TO HaM TMOMOKET
sagaya 1 (cM. Bblme). Mbl JloKaxkeM TeopeMy 3 IIOKa
TOJIBKO JIJIS1 TIJIOCKUX MHOKECTB, T.e. pu d = 2. 5

3

[dokazareabcTBo Teopemsl 3. O6o3HauUNM R, = =3

1 JJOKa)KeM, UTO JTO6bIe TPU TOYKN MHOKeCTBA A MOKHO
HAaKpBITh KPyToM paamyca R,. Bocmosb3oBaBimmch 3a1a-
Yeif 1, TOJyYnM, 4TO MHOKECTBO A TIETMKOM HAKPBIBACTCS
KpyToM paanyca R,, 9To u HY:XHO. Bo3bMeM mo6ble TpH
Toukn MHOKecTBa A. OHM ABJISAIOTCS BEPIIMHAMU TPEY-
roJIbHUKa A , BCe CTOPOHBI KOTOPOTO He NpeBocxXoadaT D.
Eciu A — ipaAMOyTO/IbHBIIT WK TYTIOYTOTbHbBII (BKJIIOUas
BBIPOXK/ICHHBIN CTy4ail, Kor/ia BepIIMHbI JeXKaT Ha OJHON
paAMOii), TO KpPyr, MOCTPOEHHBI Ha ero HauGoJbIIel
CTOpPOHE KakK Ha Juamerpe, colepxur A . Paauyc atoro
Kpyra He mpesocxoaur D /2, 4To maske MeHbINE, YeM
Hy>kHO. Ecsin ke A — 0CTPOYTOJIbHBII, TO HAMOOJIBIINIA U3
ero yrjaoB > 60°, W 1O TeopeMe CHHYCOB paJWyC €ro
D _3,
ONMCAHHOTO KPyra He HPEBOCXOMUT o mer s = —
Temepnb BHoJIHE OKHIaeMO OBbLIO ObI yIPasKHEHUE s
qUTATENIS «IOKAKUTE TEOPeMy 3 B MpOCTpaHcTBe R ».
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OpHako, B OTJIMYUE OT MPEAbIAYIIHX IPUMEPOB, C/EIaTh
3TO HE TaK IIPOCTO, TPEXMEPHbI CJydail 3€Ch CHUJIBHO
OTJIMYAETCS OT IJIOCKOTO. [IprudeM Hauato JoKas3aTeIbeTBa
COBIA/IAET TIOYTH JIOCJOBHO: C MOMONIBIO TEOPEMbBI X eJLIH
TeopeMa 3 CBOJUTCA K 4eThIpeM Toukam (ynpaxknenue 4),
T.€. K CJACAYIONEMY YTBEPKACHUIO:

Tempaadp, ece pebpa komopozo ne npesocxodsm D,

codepixumest 8 kKpyeze paduyca Ry = \/%D'

Ocrajioch «BCETo JIMIb» 9TO J0Ka3aTh. 3/1€Ch, OAHAKO,
HAaC MojcTeperaioT TpyaHoctu. Hare paccyskienue c
TPEYTOJIbHUKOM HEJb3sl TPSIMO MEPEHECTH Ha TETPAd/IP.
HesicHo, 4TO 3HAYUT «TYIOYTOJIBHbII TETPasap», M HET
TEOPEMbI CHHYCOB, C TIOMOIIBIO KOTOPOH MOKHO ObLIO Ob
HaliTW paJinyc OnucaHHoi cdepbl 4Yepe3 JIUHY pebpa.
[Tpugercst naru apyrum, GoJiee AJTUHHBIM MyTEM.

YutaTe b MOKET NPOIMYCTHTh 3TO PACCYK/JAEHHE U Cpasdy
nepeiiTi K ynpaKHeH!sIM WM K CJeAyIoleMy pasaeny. A Js
TeX, KTO BCE K€ XOYeT pa3o0paThbCsl C TPEXMEPHBIM HepaBeH-
crBoM FOHTa, Mbl HAMETUM KOHTYPBI JOKa3aTeIbCTBA.

1) BosbMeM Imap HAMMEHBIIETO PAANyCa, COAEPIKAIUil MaH-
HBIN TETPadAp A . ITO, HEBUHHOE HA MEPBbI B3I, TPEIIO-
JIOJKEHUE BBI3OBET TIPOTECT Y BCSAKOIO MaTeMaTWKa. A moueMy
TAKOIl Map CyIIeCTBYeT, MoYeMy HAUMEHbIIHH Painyc AOCTUTa-
ercs? Itor dakr Tpebyer oObsicHenusii B mannom ciyuae
HAVMEHBIINIT Map JAeHCTBUTETbHO CYIIECTBYET, W MaTeMaTHK
CKaXET, YTO <«3TO CJe[yeT U3 COOOPaKeHUil KOMIAKTHOCTHS.
Mbr He Oy/1eM TPUBOUTDH CTPOTOTO JI0KA3aTEIbCTBA, HTO 3aBEJIO
OBl HAC CJIMIIKOM JAJI€KO B 06JIACTD MATEMATUYECKOTO aHAIN3a.
[ToBepuM, YTO HAMMEHDBIIHII AP CYIIECTBYET.

2) Wrak, y Kak/J0ro terpasipa A ecTb Iap HauMeHbIIEro
paauyca, ero cojepsaiuii. O603HAUNM PAUYC ITOTO MIapa Kak
R(A). Cpean Bcex TeTpasapoB, y KOTOPBIX AJHMHBL peGep He
npeBocxoAT D, naiinercs TeTpasip ¢ HanGOJbIINM 3HAYEHIEM
R(A). Mbl BHOBb OIyCTHM JIOKA3aTeIbCTBO TOTO, YTO 3TOT
TETPAd/IP CYMIECTBYET, CKasKEM TOJIBKO, UTO 3TO OTISITH «CJIE/yeT
u3 cooOpakeHui KoMIakTHOCTH». HaszoBeM 3TOT TeTpasap
AjAy A3 A, . Ham HyskHO jlokasath, uto R(A) < Rj.

3) Ec/an Hu o/iHA W3 BEPUINH TETPAdAPa HE JIEKUT Ha MOBEP-
XHOCTH HANMEHBIIIETO 1Iapa, TO PAIUYC 1Tapa MOKHO YMEHbIIUTD
TaK, 4YTOObI OH MO-TIPEXKHEMY CO/IEPIKAJ TETPAdP. SHAUNT, AP
— He HauMenbImit. To ke, eciim TONbKO O/IHA BEPIINHA JIESKUT HA
MMOBEPXHOCTH Mapa. Ec/im pOBHO /iBe BEPUTHHBI, HATIpUMEp Ay 1
A, , nexar wa nosepxuHoctu mapa, to AA, — ero pmamerp,
nHave PAIyC Iapa BHOBb MOSKHO YMEHBITHTD. CJieJoBaTeIbHO,
B artom cayuae R(A)= 1A1A2 <Ip. Ry . Haxonen, eciu

2 2

POBHO Tpu BepiiuHbl, Hanpumep, A, Ay m Az, nexar Ha
MTOBEPXHOCTH 11apa, TO €ro MEHTP JEXUT B MI0cKocTH AjAy Az,
a CeveHHe IMapa 3TOH IJIOCKOCTBIO €CThb KPYT HAMMEHBINIETO
paanyca, copepskamuii tpeyroapHuk A;A; A3, B mpoTHBHOM
caydae OISITh PAJUYC Tapa MOKHO yMeHbImTh. Cormacto
JIOKa3annomy Hamu HepaBenctBy IOHra st MJI0CKOCTH, pajyc
KpyTa, a 3HAYNT ¥ PABHBINH €My PaJnyC IIapa, He MPeBOCXOUT
Ry, uro menpme Rj. Mtak, ocrascs mocsefnHuil ciaydail: Bce
YeThIPe BEPIINHBI TETPAIPA JIEKAT HA TIOBEPXHOCTHU IMIAPa, T.e.
OH SIBJISIETCST OIMCAHHBIM IAPOM TETPAIPA.

4) Ecim terpasap A — mpaBuJbHBIN ¢ JumHON pebpa D, To
paJiyc ero OIMCAHHOTO Tapa Kak pa3 paBeH Rj. Ecam xe
TETPadAp He MPABUJIBHBINA, TO OJHO U3 €ro peGep, HAIIPUMED
A3A;, meupiie D. 3aduxcupyem rpamb AjA,As, a rpamb
AjAyA; Gynem moBopauMBaTh OTHOCUTENbHO pebpa AjA, . Ta-
KUM 00Pa3oM, Mbl MEHSIEM [IBYTPAHHDII yTOJ MEXK/Y TPAHSIMU, &

29.05.09, 14.01
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A, camu rpaHu He uaMensieM. [lo

KaKoW JUHUK OYy/ZeT JBUTATHCS

1pu 3TOM 1ieHTp O ONMHMCAHHOTO

mapa Terpasapa? Ilo mepren-

JIIKYJISIPY, BOCCTABJEHHOMY K

A rpann A;A,A; B ieHTpe ee oru-

O cannoit oxpysknoctn (puc.7).

v Uem 6mxe Touka O K ILIOCKO-

CTHU TPAHU, TEM MEHBIIE PAJUYC

OITMCAHHOTO MIApa, a YeM Jla/Tb-

A, e — teM 6oJiblie. 3HAYUT, He-

MHOTO WM3MEHUB JIBYIPaHHbII

yrosi — 6o yBeJn4uB, JuGO

YMEHBIINB €r0, MOKHO TIePEMECTUTb TOUKY O [ajbliie OT TPaHu,

a 3HAYUT, YBEJUYUTb PAJUYC OIMUCAHHOTO Miapa. [Ipudem, Tak

KaK JIByTPaHHbII YroJ1 u3MeHnJIcs Masio, pe6po AzA, xak 6bLio,

TAK W OCTAHETCST MeHbine D, a JUIMHBI OCTAJbHBIX pebep He

MOMEHSIJINCh BOBCE. 3HAYUT, TETPA’dAPy A HeE COOTBETCTBOBA

HanGosbimii pajgnyc mapa. [losyunan nporuBopeune, yeMm u
3aBEPIIACTCS [0KA3ATEIbCTBO.

Puc. 7

Yupaxuenust

12. [Ins 11060710 1EeHTPATbHO-CUMMETPUYHOTO MHOKECTBA R =
=D/2.

13. Bepno s, uro ecat R = D /2, TO MHOKECTBO UMEET TIEHTP
cuMMeTpun?

14. BepHo sin, 4TO €CJu JJIS1 BBITYKJIOTO TIJIOCKOTO MHOKECTBA

3

R= 3 D, TO 3TO — TIPaBUJIbHBIN TPEyTOJIbHIK?

3Be3gHble MHOXKecCTBa U TeopemMa KpaCHOCEHbCKOFO

[IpeacraBum cebe, 4TO MBI TTOMAJTN B KOMHATY BeCbMa
NPUIYAIUBON (DOPMBI, HE TPSAMOYTOJBHYIO W JlaXKe He
BBINTYKJIYI0. M3 KaskJ0oro MecTa B KOMHATE€ MBI MOJKEM
Pa3TJISA/IeTh JIUNIb HEKOTOPYI0 ee YacThb. Ecjm ke Ham
yJIaJI0Ch HAWTN TOYKY, U3 KOTOPOH BU/IHA BCST KOMHATA, TO
KOMHATA HA3BIBAETCS 363010t OTHOCUTEIBHO ITON TOUKH.
Wrak, orpanudentoe 3aMKiyToe MHOKecTBO G Ha3bIBaet-
Cs1 3BE3/IHBIM, €CJI OHO CO-
JIEPKUT HEKOTOPYIO TOUKY K,
U3 KOTOPOIl BUIHO BCE MHO-
skectBo (prc.8). Ito o3Haya-
€T, YTO s J060H TOUKH
X € G orpe3ok KX Jjiekut B
G. T'oBopsr ere, uto G 3Be3-
JTHO OTHOCUTEJIHHO TOUKH K.
Hanpumep, MHOXKeCTBO, co-
cTosIIee U3 HECKOJTBKUX OT-
PE3KOB, BBIXO/ANIUX U3 OJI-
HOI ToukH, 3Be31H0 (0THOCH-
TEJbHO JTOH TOYKU), XOTS
OHO He BBINYKJO. A BBIIYKJble MHOXKECTBA — 3TO Te,
KOTODbIE 3BE3/IHbI OTHOCUTEIBHO KAXK/IOM CBOEIl TOUKH.

3aueM HY>KHBI 3Be3/[HbIe MHOKecTBa? Bo MHOTHX 3a7a-
YaxX MaTeMAaTUKW WHTEPECYIOoIiee HaC MHOKECTBO HE SIBJISI-
€TCs BBIMYKJBIM, HO YacTO 06JJIaeT KaKUM-TO JIPYTHM,
60Jiee caabbIM CBONCTBOM. 3BE3/THOCTL — OJTHO M3 TAKUX
cBoiicTB. Kak ornpenesnTh, SBIASETCS JTM MHOKECTBO 3BE3-
JHBIM? [17151 3TOTO ecThb ceyIoIunii 3aMedaTesbHbI KpH-
Tepuil, JoKasaHHblli Mapkom AJsiekcanapoBuieM KpacHo-
ceabckuM (1920—1997), BbIIAIONIMMCS COBETCKUM Marte-
MaTtukoM. [1oyryuis on 3TOT pe3yabTaT Oy /ydH elile COBCEM
MOJIOZIBIM 4€eJIOBEKOM, KOTrJa, Ipu3BaHHbli B Kpachyio

Puc. 8
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ApmMulio, 1peno/jiaBajt a apTUJIEPUICKOM YUUJIHUIIE B FOPO-
ne Tamrap, 6au3 AnMa-ATbl. ITa TeopeMa — OJIUH W3
MEPBBIX pPe3yabTaToB KpacHOCeIbCKOTO, TPUHECTINX eMY
BCEMUPHYIO MU3BECTHOCTb. MBI c(hOPMYJIUPYEM €€ TOJIBKO
JUISL TIIOCKOCTH, XOTSI TOYHO TaK JKe OHA JIOKA3bIBAETCS U
JUIE MHOYKECTB B TpocTpancTBe (Haso TOMbKO B (POPMyTH-
POBKE 3aMEHUTD «TPU TOYKM» HA <YETBIPE» ).

Teopema 4 (Kpachoceabckuii, 1946). Ecau aobvie mpu
mouku niockozo muoxecmsa G sudnvL u3 Hexomopou ezo
MOYKU, MO HAUdemcs Mmoukd, u3 KOmopou 6udHo ece
mnoxecmso (m.e. G — 36e30mH0).

BepHyBIINCh K aHAJOTUH ¢ KOMHATO, TIPEJICTaBUM, YTO
Ha ee CTEHAX Bea/le BUCAT KapTuHbI. Torza econ o6bie TpH
KapTUHBI MOXKHO O/JIHOBPEMEHHO YBU/IETb U3 II0XO0/IIIEr0
MecTa B KOMHATE, TO HaliieTcsl TouKa, U3 KOTOPOl BUIHBI
cpasy Bce KapTHHBI.

PoncrBo ¢ Teopemoit Xessim BUIHO CPa3y: <ecyM KasK-
JIble TpU — TO ¥ Bee...» Ho /10 mokazaTenbeTBa ele J1aieko,
CHavaJsia Hy>KHa Tpe/iBapuTesbHas padora. [lepBoe — Ham
MOHAJOOUTCS TIOHSTHE BBITYKJIONH 000J0UKH.

Bointykioit 060/109K0i MHOKeCTBA A HA3bIBAETCS TI€pe-
cevyeHHe BCeX BBIMYKJIBIX MHOJKECTB, cojepkamux A. [l
MOJIYYeHUST BBITYKJION 060I0UKH HY KHO B3SITh BCE BBIMTYK-
JIble MHOJKECTBA, cojepskanmie A, u nepeceub. [lomydnm
BBINYKJIOE MHOKeCTBO (KaK Iepeceuenue BhITyKIbIX MHO-
xecTB). JIIo6oe BBIMyKJI0E MHOKECTBO, coAepsKaiiee A,
COJIEPIKMT M €ro BBITYKJIyI0 0607104Ky (goKaskuTe 910).
Nrak, BoimyKIas 060J09Ka — 3TO HAMMEHbBINIEE BBITYKJIOE
MHOXKECTBO, cozepskaiiee A. HeckobKo TpuMepoB MmoKa-
3aHO Ha pucyske 9.

Puc 9 Hpumepnl evnyxavix o6oaouex
WU eme oaun akT, KOTOPBIA MBI UCIIOTb3yeM B JI0Ka3a-
TeabeTBe. 1y JII0OBIX OTPaHWYEHHBIX 3aMKHYTBIX MHO-
sKecTB A 1 B cpe/i BceX OTPE3KOB, COCAMHSIONINX TOYKY
u3 A ¢ Toukoii u3 B, cymiectByer camblit KOpoTkuii. MTHBIME
CJIOBAMMU, PACCTOSHUE MESK/Y JIBYMS OTPAaHNYEHHBIME 3aM-
KHYTBIMH MHOXECTBaMH BCET/Ia JIOCTUTACTCS.
Hoxka3zareabcTBO Teopemsl 4. /[ kax ol Toukn X € G
0603HaYNM Uepe3 Vy TeoMeTpHIecKoe MeCTO TOUeK MHO-
xectBa G, m3 koropbix BuaHa touka X. Ilo ycuosuio,
mobbie Tpu MuoxectBa Vy , Vy, u Vy  mepecekaiores.
Ha aToM MecTe MOKHO BCIIOMHUTD TOTOJIEBCKYIO Aradbio
TuxonoBuy: «Ax, ecau 661 ry6sl Hukanopa MBanosuua ga
npucTaBuThb K Hocy VBana Ky3bpmuya...» AX, eciiit 6bI 3TH
MHOKecTBa ObLan Bbimykbl! Torga ns teopembl Xesumn
HeMe/IJIEHHO TTOJIyYHJIOCHh Obl, YTO BCE OHM MMEIOT OOIIYIO
TOYKY, M3 KOTOPOIi 661710 661 BUAHO Bee MHOKecTBO G. Ho,
yBbi! OHu MoryT GbiTh HeBbImyKJbl (puc. 10).
[Torrpobyem o6ofitn aTy TpyaHOCTh. PaccMoTpmM He
camMn MHOXecTBa Vy , a UX BBIYKJbIe 060J09KH. K HUM
MBI MOKEM TIPIMEHHUTDH TeopeMy Xesm. lloaywgaem, 4ro
cymecTByer Touka C, TpHUHAAJIEKAIAs BBITYKJIBIM 0060-
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JIOUKaM BceX MHO)ecTB Vi,
X € G . Ho Gyjer Jjin Bce MHOKe-
ctBo G BuiHO M3 Touku C? Oxa-
3bIBaeTCs, J1a. XOTs MIOKa He ove-
BUIHO Jaxke, yTo Touka C mpu-
HaIeXuT MHOXecTBY G, Bemb
3TO MHOXKECTBO He€ BBITYKJO!
Wrak, gokaxeM OT MPOTUBHOTO,
uT0 MHOKeCcTBO G 3Be31HO OTHO-
cutespHo Touku C. Ilycrtb aTo He
Tak, ¥ Hekoropas Touka N € G ne sudna n3 C. I10
3HAYWT, YTO HeKOoTopas Touka A orpeska CN He mpuHa/I-
aexxut G. Ilycts p > 0 — paccrostaue ot A 10 MHOYKeCTBA
G, T.e., paccrosiuue oT TOUYKU A /10 OJusKaiiiieil K Hei
touku G. Ilycts Takske B — 6mskaiimas k A Touka oTpeska
NA, npunamuexamnas G. Orioxkum Ha otpeske BA orpe-

Puc. 10

1
30K BP = Ep. ITockosbky P < BA | Touka P Jiexkut Ha

orpeske BA. Hakoner, myctb V' — Gampkaiiinas K MHOXKe-
crBy G touka orpeska PA, a U € G — 6mxaiimas k V
Touka MHOKecTBa G. 3amerum, uro V orauuna ot A (aTo
Bakno!). Kpome Ttoro, yron UVA — He ocrpeii. B
nporuBHOM ciydae, ecain ZUVA < 90°, na orpeske VA
MOKHO B3Tb 6JIU3KYyT0 K V TOuky V', [JIs1 KOTOPOUl YTroJ
ZUV’A raxxe octporiid. Ho torga B tpeyrobtuke UV'V
ctropoHa UV JeXXUT HAIPOTUB TYTOTO yTJa, a 3HAYUT —
nau6osbinas. [lonysaem V'U < VU , 94TO NPOTUBOPEUUT
orpe/ieIeHIo TOUKN V, Kak 6uskaiiieil kK MHOkecTBy G
TOUKe oTpe3ka PA.

[TpoBenem Temniepb yepe3 Touky U MpsMyIo, epIeH/IuKY-
agpayio VU, n nHazoBem H momymiockocTb, orpaHmyeH-
HYIO 9TOii TIPAMO, He cozaep Kantyo Touky V (puc. 11).
[lokaskeM, uTo MHOKecTBO Vi, TesamkoM JexuT B H. Ecm
9TO He TaK, TO Haiijercs Touka X, He Jexaasa B H, s
KoTopoii Bech otpe3ok UX sesxut B G (puc. 12). Tax kax
yroa VUX — octpblif, To Ha orpe3ke UX MOXHO B3STb
6smskyio k U touky U’ , aug kotopoit yronr VU’X takxke
ocrpblif, u noiaydaeM VU’ < VU, 4ro IPOTUBOPEYUT
onpenesnennio Touku U, kak Oupkaiimein k V' Touke
muaOkecTBa G. WTak, MHOKecTBO V|, JIEKUT B MOJIYTLIOC-
koct H. Ho Torya u ero BoimykJias o6osiouka jie;xut B H,
B€/Ib TIOJIYTIJIOCKOCTD — BBIMYKJIOE€ MHOXKeCTBO! 3HAUUT, 1
touka C sexutr B H, 4YTO HEBO3MOXKHO, TOCKOJbBKY
ZUVC 290°. Utak, Mbl IPE/IIIOJIOKUIIM, YTO CYIIECTBY-
€T TOYKAa, KOTOpas He BUAHA U3 TOUYKW C, W TPUIILIH K
nporuBopeunio. Teopema /okazaHa.

Teopus npuGNKEeHUIN

Eme ogHa o061acTb TPHUMEHEHWS TeOpeMbl XeJTH —
teopus npubmkenuii. OHa u3ydyaer, Kak HMEIONIUECs
«Hey106HbIe» (DYHKITMU WM YUCJIOBbIe jaHHble (Hampu-
Mep, TOJyYeHHbIE B PEe3yJIbTare aKCIepUMeHTa) npul/iu-
JKaTh 6oJiee TPOCTBIMU U yA06HBIME. /lomycTiuM, HEKOTO-
Ppblii pu3mdecKuii mporecc MoKeT ObITh ONucaH PyHKITHei
F(x). Cama pyHKIMS HaM HEM3BECTHA, HO MbI MOKEM
y3HaTh ee 3HAUeHNe B JI0O0I TouKe. MbI XOTHM MPUGIH-
3UTh ee KBajapatnuHoil dynkumeii [ (x) = ax’ +bx +c,
rae koadduimenTsl @, b, ¢ HemsBecTHbI. /[l 3TOTO
BbIOMpAaeM 7 4YuUCeT Xy,...,X, U Y3HAeM 3HAUEHUST
F(x),...,F(x,) . Heo6XxoanMo olpe/ie/inTh, CylecTByer
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7 kBaapartuunas pyukius [ (x) rakas, uto
|f(xk)—F(xk)| <€ s Beex k=1, ..., n,
rze € >0 — HysKHas HaM TOYHOCTb IPUGIH-
JKEHUS.

v :
,
C
Puc. 11 Puc. 12
Yupaxxuenust
15. s gannoro HaGopa TOYeK Xj,...,Xx, HCKOMAasi KBaJpa-

Tiranas pyHKIMs f(X) CyLIeCTBYET TOra U TOIbKO TOra, KO
Taxas YHKIS CyIIECTBYET /IS JTIOOBIX YeThIPEX TOYEK U3 ITOTO
Habopa.

Yrxazanue. Kaxmoil kBagpatndHoil (yHKImK [ mocrasuM B
cootBetcTBHe TOUKY (d,b,c) € R® 1 s kaxa0ro k oupesenm
MHOKECTBO TaKHX TOYCK, JJISI KOTOPBIX ‘ f(x)-F (xk)‘ <g.
JloKaskuTe, 4TO 3T MHOYKECTBA BBIITYKJIbI, 1 IPUMEHUTE TeOPEMy
XeJm.

16. ChopmyupyiiTe 1 JOKKHUTE AaHATOTHYHOE YTBEPIK/IEHIE,
€CJI BMECTO KBaJPATUYHBIX (PYHKIUI IPUOIIKATD (DYHKIUAME
Buga f(x)=Asin(x+9).

Ewe HeckonbKko 3apay

Mpr 3akaHuYMBaeM 3HAKOMCTBO C TeopeMoil XeJiud He-
CKOJIBKUMU 3a/lauaMHU JIJIsSl CAaMOCTOSITEJIbHOTO PeleHusl.

Yupaxxuenust

17. Ha nmiockocTi /JaHO KOHEYHOe CeMelicTBO MpsIMbIX. V3Be-
CTHO, YTO JIIO6bIEe TPU MPSMbIE MOJKHO IIepecedb KPYTroM pajinyca
r. Torma Bce mpsamble cemeiicTBa MOXKHO Ilepecedb KPYroM
pajauyca 7.

18. Cdopmymmupyiite 1 JOKOKUTE aHAJOTH YTBEPIKICHUS U3
yupaxksnenus 17

a) JUIsS ceMelicTBa TIPSIMBIX B POCTPAHCTEE;

6) [ ceMeiicTBa TIIOCKOCTEH B TIPOCTPAHCTBE.

19. BuyTpu orpaHUYeHHOIT BBITYKJIOH (hUTYPbI BeeT/a Halizer-
¢ TOUKa, 006/1a/1a10111as CJIEAYIOIMM CBOICTBOM: J1100as 1psiMast,
MIPOXO/IAIAs Yepe3 3Ty TOYKY, JEJUT ILIoNaab (urypbl Ha
YacTH, OTHOIIEHHE KOTOPBLIX HE TPEBOCXOANUT 2.

20. Ha miockocTH JIesKaT HECKOJIbKO HPSMOYTOJIBHUKOB CO
CTOPOHAMH, TTapaJLIEJbHBIME 0CAM KoopauHat (e 06s3aTeIbHo
OJIMHAKOBBIX ), KasK/ble /IBAa U3 KOTOPBIX Tepecekatorcs. Torga
BCE MPSIMOYTOJIbHUKH UMEIOT OOIIYIO TOUKY.

21. EcJit HECKOJIBKO MOJIYILIIOCKOCTEl MOKPBIBAIOT BCIO TLJIOC-
KOCTb, TO U3 HUX BCET/Ia MOXKHO BbIOPATh TP, KOTOPbIC TAKKe
MMOKPOIOT BCIO TIJIOCKOCTD.

22. Cdopmy mpyiiTe 1 JOKa)KUTe aHAJOTH yTBEpKICHUI 13
ynpaxxueawit 19—-21 nna mpoctpancta R” .

3aknioyeHue

CKOJIBKO 3Ke, OKa3bIBAeTCsI, WHTEPECHOTO CBS3aHO C
OJ/IHOI Juliib T1epBoii Teopemoii Xesu! A Bejib ecTb ellle
BTOpasi U TPETDHA ...
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