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C.TABAYHUKOB, B.TUMOPUH

3apayda

B 1893 roxy CuibBecTp mocTaBuJ Takyio 3aady [1]:
6EPHO U, UMO CPedu 1106020 KOHEUHOZO MHOXKeCMEd
moyex Hd NAOCKOCMU, He JeKAUWUX HA 00HOU NPSAMOT,
Hatidemcst napa mouex Maxdas, 4mo npoxoosuyds uepes
HUX NPSAMASL He CO0ePKUM HUKAKUX OPY2ux mouex 0anHo-
20 mnoxecmea? (Takast npsiMasi, €CJiM OHA CYIIECTBYET,
HaspiBaercs npsamoi Curveecmpa.) Heemorpsi Ha ateMmen-
TapHyio (JOpMYJIUPOBKY, 3a/la4a OCTaBaJaCh HEePeIeHHON
40 ner. Bo3MOKHO, €10 NPOCTO HUKTO He 3aHuMascs. B
1933 romy wu3BeCTHDBINl BEHIepCKUIl MaTeMaTHK Ip/ell
nepeoTKpbll 3ajauy CusbBecTpa M, MOCJE HECKOJbKUX
HEeYJAUHbIX TIOTIBITOK €e PEIINTh, COOOIINT ee CBOeMY
koutere Tu6opy I'prorBasbay (mosske IproHBaIb CMEHIT
cBoio gammnio Ha [anman; oH 6oJee n3BeCTeH MO 3TOH
BTOpOit hamumueii). Tamman Bckope pemma sagavy. OpHa-
KO IIMPOKYIO M3BECTHOCTb OHa ToJyunsia emnie yepe3 10
ger, B 1943 romy, korma Ipemn omyO6JUKOBAT ee B
MOy JISPHOM aMEPUKAHCKOM MaTeMaTHYeCKOM JKypHaJie
American Mathematical Monthly [2]. OanoBpemernno ¢
3a/avueil B pelakinuio ObLJIO MPEICTABIEHO U DeIIeHIe,
noJstydyennoe l'asan. Bekope B pelakiinio mocTyIIIIOo elle
HECKOJIbKO pellieHu#, mosryyennsix bakom, Kesn, [lreiin-
6eprom u CTHHPO/IOM.

Orser Ha Bonpoc CuJbBecTpa MOJOXKUTEIbHBIH:

Teopema 1. /l15 1106020 KOHEUNHO20 HEKOAAUHEADHOZO
(m.e. ne nexawezo na o0HoU NPAMOIL) HAGOPa Mouex na
naocxocmu cywecmeyem npamas Cuiveecmpa.

Mp1 6y1eM Ha3bIBATD 3TO yTBep:KAeHue meopemoii Cuv-
eecmpa — 'arnau. 3aMeTnM, 4TO TIepBOe OIyOINKOBAHHOE
JIoKaszareabcTBo 210l Teopembl (1941) mnpuHajIeKuT
Meabxnopy. VI3BeCTHO MHOKECTBO JI0Ka3aTeIbCTB Teope-
Mbl CusbBecTpa — l'asyian, HCHoJIb3YIONUX U/IeH U3 CaMbIX
pasHbIX o6sacTeil MaTeMaTuKu. MbI 06CyIUM HEKOTOPbIE
13 3TUX ujieil. Bo-1epBbIX, Mbl pyKOBO/JCTBYEMCS TPUHIIH-
IIOM: 110J1e3Hell 3HaTh Pa3JInuHble J10Ka3aTeIbCTBA OJ/HON 1
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TOW Ke TEOPpEMbI, 4E€EM O/IMHAKOBbBIEC JOKa3aTEJIbCTBa pa3-
HbIX TEOPEM. BO-BTOprX, pa3jiMuHbICe H/IE€N /I0Ka3aTeJsb-
CTBa TEOPEMbI CHﬂbBeCTpa_raJIJIaH CBA3aHbl C pa3JINIHbI-
MH MaTEMAaTUYECCKUMU TEOPUAMU, U Mbl XOTHUM /JaThb YNTa-
TEJIIO TIpEe/ICTaBJJICHNE 006 3THX TEOPUAX.

HemHoro ucropumn: Cunbeectp, paew un Nannan

[Tpesk e ueM TOBOPHUTBD O pelleHnsx 3a1aun CHIbBeCTpa,
CKa)keM HECKOJIbKO cj1oB 0 camoM Cusbsectpe (1814—
1897). dro maremaruK, nosyduBIImii GpyHAAMEHTATbHbIE
pe3yJibTaTbl B TCOPUM MHBAPUAHTOB, HMOJUJIMHEHHON aJ-
re6pe, Teopun ynces u kombunaropuke. Keratu, CuibBe-
CTPY NPUHAIJEKUT TEPMUH <«JeTepMHHAHT». Kasunm n
CusbBecTp — BOT JBa CaMBIX 3HAMEHWTBIX MaTeMaTHKa
BUKTOPUAHCKON AHTJINN.

Jlxeivc [Ixo3ed CuibBecTp poJuics B ceMbe KyTITia
Abpaxama [Ixozeda. Dammamio CHIBBECTP OH B3SLI
no3xe. CUIbBECTP CMEHWJ HECKOJBKO MIKOJ U KOJLIEI-
JKell, a 3ateM yumics B KeMOPHIIKCKOM yHUBEpCUTETE.
Tam OH 3aHAN BTOpPOE MECTO IO Ppe3yJbTaTaM OYeHb
CepPbE3HOTO BBITYCKHOTO MaTeMaTHYeCKOTr0 aK3aMeHa. JK-
3aMeH, B IPUHITUIIE, [IaBaJ IIPABO Ha MOJyYeHNEe OJHOBPe-
MeHHO cTerneHeil 6akanaspa u marucrpa. Ho CusbBecTp He
[IOJIYYMJI 9TU CTEIIeHH, TaK KaK 0TKAa3aJICs OT COOTBETCTBY-
1onieit GopMasIbHON MPOIIEY Phl, BKJIIOYABIIEN TPU3HAHIE
KAHOHOB aHIInKaHcKoi 1epksu. Hayunble crenenu Cuib-
BECTP MOJIYYILT TOJBKO Yepe3 4 Tofia, yike Oyaydn mpodec-
copoM (PM3HKH B JOHIOHCKOM YHUBEPCHUTETE.

Cpagy nocie atoro CusbBectp niepeexan B CIITA, yTo6b1
MperojiaBaTh MaTeMaTuKy B YHUBepcuTeTe Bupxuuum.
Tam on He npopabotas u ngatu Mecsies. [Ipuynna yxona
cocTosjia B TOM, YTO KOJUIETH HE TOJIEPKATH €ro B
CTPEMJICHUH BBITHATD OJIHOTO CTY/IEHTA.

[Tocne 6esycnemnmnoro noucka pa6orsl B CHIA Cuib-
BECTD BEPHYJICS B AHTJINIO U cTaJ paboTaTh CIEINaJINCTOM
o OlleHKe (PUHAHCOBBIX PUCKOB CTPAXOBBIX KOMITAHUI.
Tombko B 1855 roay (t.e. B
Boapacre 40 jier) emy yaanoch
MOJIYYUTDh TIOCTOSTHHYTO aKajie-
MUuecKylo nosunuio B Kopo-
JIEBCKOII BOeHHOIl akajieMuu B
Bysuue.

Tax BbITILIO, YTO paciBeT Ma-
TeMaTnieckoil Kapbepbl Chiib-
BeCTpa IpUIIIeics Ha TeHCUOH-
eIl Bo3pact. B 1877-1883
rogax CubBecTp BO3TJIABJISI
OT/le/IeHe MaTeMaTHKU B aMe-
PUKAHCKOM Y HHUBepcCHUTETe
[>xonca XomkuHCa, OCHOBAJ
«AMepUKaHCKII MaTeMaTHIec-
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kuii okypHaa» (American Journal of Mathematics). C
1883 roa 1o kouta xxusznu CusrbBecTp pyKoBouJI Kade/1-
poii reometpun B Oxcdope. 3agada CuibBecTpa IMpuxo-
JINTCS HA 3TOT, TIOCJAEHUI, TIepno/i ero kusnu. HemaBHo
nosiBUJIach MoipoGHast 6morpadus Cuabsectpa [3].

Wma Ilana Ipmema (1913-1996), omHOro m3 cambIx
M3BECTHBIX U BJIMSATEJIbHBIX MaTeMaTtnkoB 20 Beka, KOHeu-
HO, 3HAKOMO yuTaressiM; eMy 3agada CusibecTpa o0si3aHa
CBOEH 3aI103/1aJI01i TIOMYJISIPHOCTHIO. 32 CBOIO KU3HDb IJP-
jem ony6iukoBan 1475 MaTeMaTHyecKux crareii (ato
a6COJIIOTHBIN PEKOPJL CPEI MaTEMATHKOB BCEX BPEMEH U
Hapo/I0B) . BOJIBIIMHCTBO cTaTeil GbLI0 HAIIMCAHO € COABTO-
paMu, KOTOpbIX HacunTbiBaeTcs 511. B cBs3u ¢ aTuM 661710
BBEJIEHO «4NCJI0 JpAerias . Unemro Ipaenna s MaTeMaTh-
Ka — 9TO KOJHUYECTBO COABTOPOB, OT/EJSIONINX €ro OT
Ipaema. Yucnao Ippema s camMoro Ip/elia paBHO
HYJIO, Y €T0 COaBTOPOB 3TO UYUCJIO PABHO EIWHHUIE, Y
COABTOPOB COABTOPOB — [IBOIiKe, W T.A. DBOJBITUHCTBO
AKTUBHO PAGOTAIONIUX MATEMATHKOB MMEET MAJIble YHUCJIa
Ipaema (we Gosbime 8). Hampumep, umcaa Ippenia
ABTOPOB 3TOI CTATbU PABHBI 3 1 .

Tu6op Tamman (1912-1992) Obinr GaM3KEM APYTOM
Ipaernia. Ene 3a1071r0 710 TOT0, KaK OHY BIIEPBbIE YBU/IEIN
Jpyr [pyra, OHU ObLIN 3HAKOMBI 3A0YHO, KAaK CaMble
AKTUBHBIE YYACTHUKN KOHKypCa MATEMATHYECKUX 3a]1ad,
MPOBOJANMOTO BeHrepcKkuM MaTeMaTHYecKUM >KypPHAJIOM
A crapmeil mkoabl (9TOT KypHaa ObL1 GJIM30K 10
cozepKanmio K skypHay «Kpant» ). Tamman cram nobeau-
TeJIeM TIPEeCTIKHON MaTeMaTHIeCKON OJTUMITHAIBI JTBEIIa
1, KaK TaKOBOM, ObLT IIPUHAT B YHUBEPCUTET BHE KOHKYP-
ca. OusmMmnuaja ITBela — caMasl crapasi B MHUpPe, OHa
npoojutcst ¢ 1894 roma mo wauIMaTuBe BeHrepckoro
(usuko-maremaruueckoro o6IIECTBA, KOTOPOE BO3IJIAB-
JISLTT B TO BpeMs U3BecTHbBIN (husnuk 6apon Jlopan ITserr.
Muorue nobeauresn 9TONH OJUMIIMAIBI CTATH B MOCJIE[-
CTBUU 3HAMEHUTBIMU MaTeMaTHKaMH U (PU3UKAMHU.

Kennun n LUtenHGepr

Tenepn, TocJie JOATOTO NUCTOPUYECKOTO BBEJEHUS, TIPHU-
cTynuM K MateMaTuke. [loskasyii, caMoe mpocroe JoKasa-
TeJbCTBO TeopeMmbl CusbBecTpa—lamian mpUHALIEKUT
Kesmu (ono 66110 ony6mkosano Kokcerepom [4]).

Wnes nokasatenbcTBa COCTOUT B caeaytonieM. [Ipesamo-
JIOKUM, JIJIsI HEKOTOPOTO KOHEYHOTrO MHO)KecTBa M TO-
YeK Ha IJIOCKOCTH TpsiMoii CuibBecTpa HE CYIIECTBYET.
Torsa HaM HY»KHO /I0Ka3aTb, YTO BCEe TOYKM KOJJINHEAp-
ubl. [Ipeamnonoxum, 4yto 31O HEe Tak. PaccMorpum Tpm
HeKoJumHeapHble Toukn A, B m C u3 MHOXectBa M,
Takme, UYTO paccTosgHue OoT Toukn A mo mpsmonr BC
MUHUMaJIbHO (T.e. cpeim BcexX Map <«TOYKa MHOKECTBa
M> u <«upsiMmasi, COeAMHSIONAsT JBE Pa3JUYHble TOYKH
MHOKeCTBa M» BbIOEpEM TaKyio, B KOTOPOI PacCTOSTHUE
OT TOYKH [0 TPAMON IOJOKUTENBHO U MUHHUMAJIBHO).
3amernm, uto npsMas BC coJep:kuT 1o Kpaiineii mepe
TPU TOYKHM MHOKecTBa M, mHavye oHa OyeT MPsSIMOI
CunbBectpa. Torma aBe m3 atux touek, ckaxkeM B u C,
JIeKAT TI0 OJIHY CTOPOHY OT OCHOBAHUS TI€PHEHINKYJIS-
pa, omytieHHoro u3 toukn A Ha npamyio BC. IIporuso-
peure ToJiyyaeTcs U3 Takoro (pakTa: pacCTOSHUE OT O/I-
HOU M3 3TUX TOYEK JIO MPIMOi, coenunsionieir A ¢ apy-
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MEHbIIle, YeM PaccTosi-
HIe OT A 10 TpsAMOou

roit ToukoM, Gymer A
BC (puc. 1). i

Yupaxxnenue 1. [[oka-
JKUTE, YTO BBICOTA TYTIOY-
TOJIBHOTO TPEYTOJbHUKA,
OITyII[eHHAs U3 BEPIINHDI TYIIOTO YIJIa, MEHbIIE BBICOTDI, OIYIIeHHOM
13 BEPIIMHDI OCTPOrO yria. JJOKaKHUTE TakyKe aHAJOIMYHOE yTBEp-
SKJIEHHE JIUIS TIPSIMOYTOJIBHOTO TPEYTOJIbHUKA.

Puc. 1 B ¢

Pemenme Kennm odeHb mpocTo, HO 06JaaeT TaKnuM
HeoeTatkoM  (CKOpee JCTeTUYECKUM M METO/0JIOTHYec-
KHM, 4eM COGCTBEHHO MaTeMaTnaecknm). B popmympos-
Ke 3a[a9H UCTIOIb3YIOTCS TOJBKO MOHATHS TOUKH, MPSIMOIT
1 OTHOTIIEHNUS TPIMHA/IESKHOCTH. EBKJINIOBO pacCcTosSTHNUE B
Hell Hukak He ¢urypupyer. Ha camom gene, ecTb MHOTO
C1I0COO0B OIPEIEJIUTD «PACCTOSHUE» HA MJIOCKOCTH. JTH
pasHble «PACCTOSHUA> OTJMYHBI OT IPUBBIYHOTO €BKJIM/I0-
Ba paccrosinus, HO o6uagaor moxoxxumu (miam jaske
WJEHTHYHBIME) cBOWicTBaMu. To, Kak ONpeessieTcst pac-
CTOSIHME, HE BAXXHO /I OTHOIIEHUS [PUHAJIEKHOCTH
MEsK/ly TOUKAMU 1 IPAMbIMU. MHOTHE U3 aIbTePHATUBHBIX
«PacCTOSTHUIT» MOTYT OBITh MCHOJb30BAHBI B I0KA3aTeEIb-
ctBe Teopembl CnbBectpa—lamman. Kaxercs ectecTBeH-
HBIM TaKOI BOIIPOC: MOKHO JIT 0G0HTHCH B I0KA3aTEIbCTBE
TEOPEMBI TOJIbKO PACCMOTPEHNEM B3aUMHOTO PACIOJIONKE-
HILSI TOUEK U IMIPSIMBIX, HO He ICII0JIb30BATh TAKMe MOHATHS,
KaK paccTosHUE, YTroJ, TepleHAuKyasap u T.14. OKa3biBa-
eTcs, MOXKHO JIOKa3aTh TEOPEMY, MCIIOIb3Ys TOJBKO OTHO-
HIeHue TPUHAJICKHOCTH MEXK/Y TOYKAMMU M IIPSAMbIMU U
OTHOIIIEHUE TOPS/IKA MEX/y TOYKAMU Ha IIPAMOIl: Takoe
JlokazaTesabcTBO npuHaaiexut HlteiinGepry.

Yupaxxnenue 2. PaccMOTpUM KOHEYHOE MHOXKECTBO TOYeK M.
Boi6epem Touky X n3 M u npsamyto L, TPOXOASAILYIO Yepe3 TOUKy X
U HEe CcoJepyKallylo JAPYrMX To4deK MHOxkecTBa M. Mbl MoxeM
CYNTATD, YTO HU OJ[HA TIPSAMAasi, PoOXosdiias yepe3 X, He SBJSETCS
npsamoii CuabBectpa (nHade Teopema mokasana). Hasoem coedu-
HUMEJbHOU NPAMOU TIPAMYIO, COJEPXKAIIylo II0 MeHblIell Mepe 2
TOYKM MHOXecTBa M. $IcHO, YTO CyIIeCTBYeT TOJIbKO KOHEYHOE
YICJIO COCUHUTENbHBIX TPSAMBbIX. Cpe/l ToYeK TepeceyeHus Impsi-
Moii L ¢ Pa3/IMYHbIMU COEIMHUTEJIbBHBIMU TTPAMBIMU Haﬁ[{eTCﬂ TaKasia
TouKa Y, 4To 0Tpe30oK XY He COAEPIKUT PYTUX TOUEK TEePEeCeUeHus.
JlokaxkuTte, 4TO COCAMHUTETbHAS TIPSIMast, TPOXOAAIIAs Yepe3 TOUKY
Y, aBaserca npsamoii CuibBecTpa.

Vxasanue. Eciu uer, T0 coepunutesibias npsiMasi Ly , mpoxo-
namnasg yepe3 Y, COAEPIKHUT MO MEHbIIEH Mepe TpU TOYKH MHOKe-
crBa M. 3HauuT, ¢ KAaKOHW-TO CTOPOHbI OT Y Ha npsiMoii Ly jesxar
nBe Touky MHOKectBa M. O6Go3HauuM 4yepe3 Z Ty U3 TOYEK C ITOi
croponbl ot Y, Kotopas Gyaer Bropoii 1o cuery or Y (B cMbicae
nopsiika Touek Ha npsamoii). OmHy u3 Touek MHOKeCTBa M,
JleKamux Ha npaMoil XZ, MOXKHO COeIMHUTb C OJHOH U3 TOYeK
MHOKecTBa M, Jiekalmx Ha mpsiMoit Ly Tak, uTo nepecedeHue
COOTBETCTBYIOMIEH COCANHUTEIBHON IIPAMON ¢ IpsAMOIl L HaXOAuT-
cs crporo BHYTpu oTpeska XY (31ech HysKeH HeGOIbLIONH T1epeGop
Pa3JMYHBIX BapMAHTOB PacHoJOKeHusi Todek). IIpormBopeune c
BBIOOPOM TOYKH Y.

Fannan

Hameuennoe Bbitire gokasareabctBo [TeiinGepra sBisi-
ercst Mojidpukarmeii jokazaresabera Lasmman. Camo joKa-
3aresbetBo [asmman ucrosb3yer 4yTh 6GOJIbIle, & UMEHHO,
Mepy yTJIOB U TIOHSTHE TapasieTbHOCTH.
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CHoBa paccMOTpPHUM IpAMYyI0 L, TPOXOAAINYIO POBHO
yepe3 oaHy Touky X Hamiero Muoxecrsa. IIpegcraBum
cebe TITOCKOCTDb BJIOXKEHHON B TPEXMEPHOE MPOCTPAHCTBO
(4TO6BI OT/IMYATD €€ OT APYTHX IJIOCKOCTEH, Ha30BeM ee
Hauaavholr), n 3apUKCHPyeM HEKOTOPYIo Touky O, He
NPUHAJIEKATYI0 HavaabHol mnockoctn (puc.2). Uepes
Touky O U IPSAMYIO L IPOXOAUT eAMHCTBEHHAS [1JIOCKOCTD.

Hauvanvras
NAOCKOCHLD

Puc. 2

Paccmorpum napasiesbHyIo eif 10ckocTb P, u cripoeliu-
pyeM HayaJbHYIO IJIOCKOCTD Ha IJI0CKOCTh P 13 Toukn O.
3ameTuM, 4to npsiMasi L He umeeT o6pasa Ha IJI0CKOCTH P,
MOCKOJIbKY HUKAKOM JIy4, HaunHaouiica B O 1 Tpoxo/is-
muii yepe3 L, ne nepecever P. Boipaskasicb o6pasno, L
MEepeXOANT B «6ECKOHEYHO yIaJeHHYIO TIPSIMYT0 Ha TLI0C-
koctn P». Yerkoe yreepxaenne (KOTOpoe HETPYIHO MPO-
BEPHUTb) COCTOUT BOT B YEM: TIPSAMBIE B HAYAIbHON ILJIOCKO-
CTH, TIPOXO/ISAIINE Yepe3 OIHY U Ty Ke TOUKY Ha ITPSIMOi
L, mpoenupytoTcsi B napaJsebHble MpsMble.

HamomunM, uto mpsmasi L TPOXOAUT uepe3 POBHO
onny touky X MHoxkectBa M. Kpome Toro, Mbl MOKeM
mpeosaraTh, YTo Bce MpsiMble, poxozsdiiue yepe3 X u
ele OJIHy TOUKYy MHOKecTBa M, 06s13aTEJIbHO COJEpIKaT
KaKylo-HUOYZb TPETbI0 TOUKy MHOxectBa M. OG6Gpasb
9TUX IIPAMbBIX IPU Halllell IPOEKIUN ABJSIOTCS TapaJ-
JIEJIbHBIMU IIPSMbBIMH, COJEPsKalllUMU 110 MeHbllell Mepe
10 JiBe TouKM MHOXkecTBa M' (11poexinu MHOKecTBa M
Ha nmockoctb P). Tenepb nokaszatebetBo TeopeMbl Crib-
Bectpa—lannan mosydaeTcst M3 cJeayIoNero yTBepsK/ie-
HUS.

PaccmoTpnM KOHETHOE MHOKECTBO M’ Ha TJIOCKOCTH 1
KOHEYHOE MHOKECTBO MapaJIJIeJIbHBIX TIPSIMBIX, TAKOE, UTO
Kayk/1asl M3 9TUX MPSAMbIX COJIEPIKUT M0 MEHDIIEH Mepe /[Be
TOYKHM MHOKecTBa M', 1 Bce TOUKM MHOKecTBa M cojep-
JKaTcs B OObeMHEHNN TUX MPSIMBbIX. PaccMOTpuM Iipsi-
MYIO, COEMHSIONIYIO JIBE TOUKN MHOKecTBa M' 1 06pasy-
IONYI0 HaWMEHBINNH HEHYJIeBOH YroJ ¢ HampaBJeHHEeM
paccMaTpuBaeMbIX Ia-
PAJLJICTIBHBIX  TIPSIMBIX.
Jra 1pgaMas He MOXKeT
cojlepskaTh HUKAKOM
TpeTbell TOYKM MHOXKe-
ctBa M'.

JleiicTBUTETHHO, €CITI
aTa TPsIMast COJEPIKUT
tpu Touku A, B u C,
TO OfHA U3 MPSAMbBIX, coeanusgionux A wan C ¢ Toukon E
wim D muoxkecrBa M, o6pasyer ellle MEHBIIUIT yroJl ¢
HaIrpaBJIeHreM HamMX npsambix (puc. 3).

Puc. 3
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CKOnbKO NpAMbIX?

YKaxkeM o/IHO MHTepecHoe cJiejicTBre TeopeMbl CHiib-
Bectpa—lannan.

Teopema 2. I[Ipednosoxum, wmo ommeyuensi n movex Ha
NAOCKOCIU, He JeKauux na 00nou npsmou. Tozda nai-
demcsi no menvulell mepe n NPAMuLX, COeOUHAIOUUX NAPL
OMMEUCHHBLX TMOYUEK.

JokasareabcTBo. DyjieM BecTn HHAYKIUIO IO KOJIYe-
cTBY To4eK. [[Jis TpeX HEKOJLIMHEAPHDIX TOYEK YTBep:K/ie-
Hue oueBuHO. [IpeanonoxumM, 4To yTBEPIKIEHIE T0KA3a-
HO JIIsT TI060ro Habopa U3 7 TOUEK IJIOCKOCTH, He JiesKa-
WX Ha OJHON TpsiMoii. PaccMorpum Tenepb HaGOp W3
n + 1 BoigesieHHol Touku. [lyctb A — ofiHAa U3 3TUX TOYEK.
Ecsm ocraBiimecs n BbIJI€JIEHHBIX TOYEK JIEJKAT HA OHOI
MpsIMO¥, TO, COEMWHSIS KAXKAYI0 U3 HUX C TOYKOH A,
MOJIYYHM ellle 7 TIPSIMBIX; YTBEPIKIEHUE OKA3aHO.

[Ipenosokum Terepb, YTO OCTABIINECS 1 BbIJIEJIEHHBIX
TOUEeK He JeXkar Ha omHoil mpsmoii. Torma, cormacHo
MPE/IIOJIOMKEHUIO UHAYKIUN, OHU OIPEIeJISIOT M0 MeHb-
1meit Mepe 7 IpaAMbIX (Kask1as U3 KOTOPBIX COEAUHSIET [BE
13 OCTaBLINXCS BBIAEJICHHBIX TOUEK ). MOMKET TaK CJIy4uTh-
Cs1, YTO BCE ATH MPSIMbIE TIPOXOAT Yepe3 Touky A. B atom
cJiyyae Ha30BeM TOUKy A naoxoi. Eciau Bce BblieIeHHbIE
TOYKH TIJIOXHUE, TO MPsIMasi, COJEPsKAIIast JBE BbIJeJTeHHbIE
TOYKH, 00SI3aTEIHHO COJMEPIKUT U TpeTbio. [IporuBopeune
¢ Teopemoii CusbBectpa—lamnman.

3ameuanue. EcTeCTBEHHBIH BOMPOC: CKOJBKO TTPSIMBIX
CusbBecTpa orpe/ieisieT JaHHOe HEKOJITHHEAPHOe MHOKe-
ctBO U3 n Touek? V3Bectro [5], uto npsmbix CusibBectpa
JIOJIKHO OBITH He MeHblie, ueM 3n /7. TaHncen pokasani B
cBoeii gnccepramn (1981), uro npsambix CusbBectpa
Bcerja He Menblile, ueM 7,/ 2. K coxkajeHnIo, Jokasare/ib-
cTBO 'aHceHa O4YeHb CJI0KHO, W €ro HUKOMY He Y/aJoCh
MPOBEPUTH. YHTap JoKazas [6], 4To n Touek, He JeKaInX
Ha OJTHOI MPSIMOIi, OIIPe/IesIAIOT 10 MeHbleil Mepe 2[n /2]
Pa3HbIX HAPaBJEHUN. DTy OLEHKY HeJb3sl YJIYUIIUTD.

Ha ccepe

O6cyauM eliie OIHO JI0KA3aTeabCTBO TeopeMbl ChibBe-
crpa—Tanman. OHo 6bL10 ipeioskeno E.Mesnbxuopom w,
nesaBucuMo, H.CTunposmoM — n3BeCTHbIM aMepUKaHCKUM
TornosoroM. M caMo J10Ka3aTeJbCTBO TOMOJOTHYECKOE.
Haunem ¢ Toro, 4To TepeiifieM ¢ TIOCKOCTH Ha cepy.

PaccMoTpuM TieHTpasibHYT0 TPOEKIHIO chephbl Ha MI0C-
KOCTh. lleHTpasbHas MPOEKINS — 3TO TaKOe 0TOOpaKeHIE
cepbl Ha TTOCKOCTD, TIPU KOTOPOM TpsiMast, COCAMHSIO-
mas Touky cdepbl ¢ ee 06pa3oM Ha IJIOCKOCTH, BCETIa
MIPOXO/IUT Yepe3 1eHTp cepbl. Mbl MOKEM ITPOEIUPOBATDH
chepy Ha J06YIO IIJIOCKOCTH, HE TMPOXOJSIIYIO 4Yepe3
1eHTp. IIpu Takoit TpoeKnn B KasK/1yI0 TOYKY IIJIOCKOCTH
6yzeT 0To6pakaThCs Tapa AMaMEeTPATbHO ITPOTUBOIOIOK-
HBIX Touek cepbl. Kpome Toro, Ha cepe Haiimercs takas
GoJbIast OKPY>KHOCTH (T.€. TIepeceuene chepsbl ¢ MI0CKO-
CTBIO, TPOXOAIIEN Yepes HeHTP cepbl), MPOEKINT TOUEK
KOTOPOH He OTpe/iesieHbl. JTAa OKPYKHOCTD MapaJiiesibHa
IJIOCKOCTH, Ha KOTOPYIO MBI ITPOEIUPYEM.

OmnuteM Terepb OYeHb MOJIE3HYI0 KOHCTPYKIUIO chepu-
4yeckoll JBoiicTBernHOCTH. Kak/0if nape auaMeTpabHO
MIPOTHBOTIOJIOKHBIX TOUEK HA chepe COOTBETCTBYET GOJb-
masi OKPY>KHOCTb. A MMEHHO, NPOBE/EM COOTBETCTBYIO-
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muit graMeTp cepsl, a TakKe MIOCKOCTD, TIPOXO/ISIIYIO
Yyepes IEHTP U TePIeHANKYIIPHYIO JHaMeTpy. JTa IJI0c-
KOCTb BBICEUeT Ha cdepe HEeKOTOPYI GOJBIIYI0 OKPYXK-
HOCTh. O6PATHO, KK IO GOJIBINOI OKPYKHOCTH Ha chepe
COOTBETCTBYIOT POBHO /IBE THAMETPAIBHO TIPOTHBOIIOJIOK-
HbIE TOUKU — KOHIIBI IUAMETPA, TIEPIEHANKY ISIPHOTO TLI0C-
KOCTH JJaHHOH GOJBIION OKPY>KHOCTH.

Tenepp Kaxg0il TOYKe Ha IIJIOCKOCTH COOTBETCTBYET
napa JuaMeTpabHO MPOTUBOMOJIOMKHBIX TOUeK Ha cdepe
(5T0 COOTBETCTBYE YCTaHABIMBAETCS IEHTPAIbHOI TTPOEK-
IMei, KaK ONUCaHO BbIIIE), a CJIe[0BATENbHO, K HEKOTOPast
60JIbIIIast OKPY>KHOCTD.

YupakHeHus

3. Cdepuueckast [BOHCTBEHHOCTb <«yBasKaeT» OTHOILIECHUE MHIIU-
JIEHTHOCTH: ecJu Touka A JiesxuT Ha OGOJIbIIOH OKpyskHOCTH b,
TO COOTBETCTBYIOMIAs GOJIbIIas OKPYXKHOCTb ¢ TIPOXOJUT dYepe3
TOUKy B.

4. Tpu TOUKH HA IIJIOCKOCTH TOT/IA U TOJIBKO TOT/IA JIEXKAT Ha O/IHOIL
MPSIMOIA, KOTJIa COOTBETCTBYIOINIME GOJIBIIIE OKPYIKHOCTH Ha cdepe
HPOXOJIAT Yepe3 OJHYy U Ty 3Ke
rapy AvaMeTpabHO MPOTUBOIO-
JIOKHBIX TOYEK.

3. Ilycrb toukam A u B orBeva-
10T OOJIbINNE OKPY)KHOCTH & ¥ D.
Jlokaskute, 4TO YOI MEKAY d U
b paBeH cepnueckoMy paccTosi-
o mexay A u B (puc. 4).
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Wrak, MbI BUIUM, YTO Te-
opema CunbBectpa—Ilasmman
SKBUBAJICHTHA CJIEIYIONIEMY
yrBepxaenuto. [lycts gano
KOHEYHOE MHOKECTBO 6OJIb-
mX OKpy:KHOCTelr Ha cdepe. Torma, ecim He Bce aTn
OKPY>KHOCTU IIPOXOJAT Y€pPe3 OJHY U Ty JKe I1apy AuaMer-
paJibHO TIPOTHUBOIIOJIOKHBIX TOYEK, TO HaﬁﬂeTCH TOYKa,
COZIepIKAIAsT POBHO JIBE OKPYYKHOCTH U3 HAIIETO0 MHOKe-
CTBa.

Puc. 4

Menbxuop, CTuHpog, u dunep

OmnuiieM Ternepb JokasareabecTBo Mesbxuopa u CTun-
pona.

Ham mocrarouno nokasarth yTBep:KIeHMEe TIPO GOJIbIIINIE
OKpPYJKHOCTU Ha cdepe, U TeM caMbiM Oy/eT JOKa3aHa
teopema CubBectpa—lamnan. Ha camom nene MOXHO
JloKkasatb 6osee obIee yTBepsKIeHMe. PaccMOTpmM Ko-
HEYHOe UYNCJ0 Touek Ha cdepe. Bymem Has3wpiBaThb aTH
TOUKHN eepuunamu. PaccMOTPIM Takske KOHETHOE UHCJIO
TPOCTBIX KPWBOJIMHEHHBIX YT, COEIMHSIONINX HEKOTO-
pbie mapbl BepiuH. [lomycTuM, 4TO 9TH JIyrd HE UMEIOT
o6mux Touek, Kpome BepumH. HazoBem atn gyru pebpa-
mu. Ecnu wa cdepe napucoBarb BepiiuHbl U pe6pa, TO
OHU Pa3obbIOT BCio cepy Ha HECKOJbKO KYCKOB, KOTO-
pbie MbI 6y/IeM Ha3bIBaTh Zpansamu. Bcio KapTUHKY, BKJIIO-
YaloNlylo BEpPIIMHBI, pebpa W T'DAHU, MbI HA30BEM Kdap-
mou Ha cdepe.

Teopema 3. He cywecmeyem maxoti kapmol na cgepe,
U0 KAKOAS ZPAHD 0ZPAHUYEHA NO MEHBULETE Mepe MPeMs.
pebpamu, a u3 xKaxool GepuUHbL GbLXO0UM NO MeHbUel
Mepe wecmyv pebep.

W3 aTolf YMCTO TOMOJOTMYECKON TEOopeMbl BBITEKAeT
yTBepsKIeHIE TTPO 60JIbINNE OKPYKHOCTH Ha cdepe, chop-
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MYJIMPOBAHHOE B KOHIIE TIPE/IbIYIIEro aparpada 1 95KBH-
BasieHTHOe Teopeme CusbBectpa—lasian.
Hoxka3zareabcTtBo. Ilycth [, — uucio rpaHeii, orpanu-
4yeHHbIX k pebpamu, a V}, — 4HCJIO BEPIINH, U3 KOTOPHIX
BBIXOANUT k pebep. O6osnaunm uepes F, E u V, cooTBeT-
cTBEHHO, OO0lllee 4YUCAO0 TpaHell, unucjao pebep W YUCJIO
BEpIINH, TPUHAAIEKANUX paccMaTpuBaeMoii kapte. Mbl
GylieM II0JIb30BaTbCSI U3BECTHOU meopemou Juepa:

F-E+V=2,

Huraresb, cKopee Bcero, 3HaKOM ¢ 9TOi TeopeMoil; ecaiu
3TO He TaK, MbI PEKOMEH/IyeM /I0Ka3aTb ee M0 MH/YKITHIHN.

[Tocunraem KosmuecTBO map (BepIIMHa, BHIXOSAIIEE 13
Hee pe6po). C o1HOIT CTOPOHDI, Kask10€e PeGPO OTpaHuveH-
HO POBHO [IBYMS BepIIMHAMM. 3HAYUT, TAKUX T1aP POBHO
2E. C Japyroii CTOPOHBI, YHCJO TaKMX Iap paBHO
6Ve +7V; +... 26V . Orcioga mosyyaeM HepPaBEHCTBO
2E 26V .

[Tocunraem Terepb KoauuecTso nap (rpanb, pe6po Ha ee
rpatruie). C 0/iHOIT CTOPOHBI, Kaskaoe Pedpo JIEKUT Ha
TPaHUIle POBHO JBYX TpaHell. 3HAUNT, TAKUX Map POBHO
2E. C pgpyroil CTOPOHBI, YHCJO TaKWUX Tap PaBHO
3F; +4F; +...23F . Orcioga mnosydaeM HePaBeHCTBO
2E 2 3F .

KoM6uHUPYS TOJTy4YeHHbIe HEPABEHCTBA, MPUXOIUM K
IIPOTUBOPEYUIO:

6(E+2) =6V +6F <2E +4E =6E .
Yupasknenus

6. Paccmorpum kapty Ha cdepe. KoamuectBo peGep, BBIXOASIIIX
13 JIaHHOI1 BEPIINHDI, HA30BEM NOPAOKOM 3TON BepIIUHDI. JIOKaXKH-
Te, YTO eCJM KajK/asg IPaHb OrpaHUyYeHa M0 MEHbIIEH Mepe TpeMs
pebpaMi, TO CPEIHUIl TOPSIJIOK BEPIINHBI HE IPEBOCXOMUT 6.
(Cpeannii MOPAZOK BEpHIMHBI — 5TO cpejHee apu(METHIYECKOoe
HOPSIIKOB BCEX BEpIINH, TO €CThb CyMMa IHOPSJKOB BCEX BEpIINH,
JIeJIEHHAsT Ha KOJINYECTBO BEPIIHH. )

7. PaccMOTpUM BBIMYKJIbII MHOTOTPAHHUK B TPEXMEPHOM MPO-
ctparctBe. YUncesno pebep MHOTOTpAHHWKA, BBIXOSAIINX U3 JTaHHOM
BEPIIIHDI, HA30BEM MOPSIJIKOM BepiiuHbl. Yncsio peGep MHOTOrpaH-
HUKa, JeKaluX Ha JaHHOW TpaHW, Ha30BeM TMOPSIKOM T'PaHU.
JlokaxxuTe, 4TO CpefHUIl TOPSJAOK BEPIIMHbBI, a TaKXe CPEeIHUi
MOPSIJIOK TpaHu He TpeBocxost 6. [IpuBeauTe npuMep MHOTOrpaH-
HUKa, CPEJIHUI TOPSIOK TPaHU KOTOPOTO IMPEBBIIIAET ,5.

8. Curenyioniee yTBepsk/ieHie Ha3bIBAETCS 080UCMEEHHOU meope-
moti Cunvsecmpa—Ianrnau. PaccMOTPUM KOHEUHOE MHOXKECTBO 11PSI-
MBIX Ha ILJIOCKOCTH, HUKAaKHe JiBeé M3 KOTOPBIX HE IapaJijieJbHbI.
[TpeamomnoskuM, 4TO 3TN MpsMbIE He IPOXO/AT 4epe3 OJHY U Ty Ke
Touky. Torma waiiercss Touka, cojep:Kaiiasi POBHO JIBE IPSIMble
paccMaTprBaeMoro MHOKecTBa. [/lokaxkute, 4TO [BOUCTBEHHAS TEO-
pema CusbBecrpa—lanman sxBuBasenTHa Tteopeme CuibBecTpa-
lannan. Yxasanue: BoCIoONb3yiiTech yTBEPKAEHHEM TIPO OOJIbIIIE
OKPY’KHOCTH Ha cepe, a TakKe IEeHTPATbHOI mpoeKIueil cpepbr Ha
TJIOCKOCTD, TIPH KOTOPOIT OOJIBIINE OKPYSKHOCTH HEPEXO/AT B IIPsi-
Mble.

9. [Tokaskure, 4TO B yTBEPK/ICHUH IBOHCTBEHHOI TeopeMbl CUJIb-
Bectpa—lamman MokHO nipeanosaraTb 6e3 orpannvenust oOIHOCTH,
4TO Cpell PACCMAaTPUBAEMOTO KOHEYHOTO MHOKECTBA TPSIMBIX HET
HUKAKOIl TMapbl HapaJsiieJbHbIX TPIMbBIX. YKda3auue: 3Toro MOKHO
no6uThCs, mpoennpys cdepy Ha HOAXOJAIIYIO MJIOCKOCTD.

Ankunc un 3anaeH6epr

Haxomerr, eme ogHO f0Ka3aTeabCTBO TeopeMbl CHIbBe-
crpa—lamman, koTtopoe OBLIO TPUAYMAHO HE3ABUCUMO
H.9axkucom u M. 3aiiren6eprom. Haunem ¢ AByX ynpaxk-
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HEHMii — OHM JI0CTATOYHO CJIOKHBIE, 110 YPOBHIO KakK
cepbe3Hble OJIMMIINA/IHbIE 3a/a4u. Perienus 1 yKkasanus K
9TUM 3aJlayaM MOXKHO Haiitu B xuure [7] (3azaua 38, 6).

Yupaxuenus

10. Ilyctp ABC — TpeyroibHHK Ha maockoctH, a PQR —
BIIMCAHHBIA B Hero tpeyrosibHuk (rak, uro Bepmunbl P, Q, R
TpeyrojbHuka PQR npuHa/ieskar, COOTBETCTBEHHO, cTopoHaM AB,
BC, AC tpeyrombunka ABC; puc. 5). Jlokakute, 4TO IJIOMIALb

OJTHOTO U3 TPEX TPEyTOJIbHIU-

P KOB, OCTAIONINXCS TIPU BBIKH-

JIbIBaHNN TpeyronbHnka POR

u3 Tpeyroybuuka ABC, He npe-

BBITIACT TJIONIAAN TPEYTOJb-
R Q Huka POR.

11. Ecam B mupembiayiiem

YIOPaKHEHNN TJIONA/b Tpey-

rorpHnKa APR coBmazaer ¢

C MJI0MAbI0 TPEYTOJIbHUKA

POR, a momaaun TpeyroJib-

nukoB PBQ u QCR ne MeHb-

nre, To cropoubl PQ, QR u RP mnapajienbHbl, COOTBETCTBEHHO,

croponam CA, AB, BC.

Puc. 5

[lokaxkeM Terepb ABOHCTBEHHYIO TeopeMy CuibBecTpa—
Taanan (a tem campiMm u camy Tteopemy CuibBectpa—
Tasman). PaccMOTPUM KOHEYHOE YHCJIO MIPSMBIX Ha MJI0C-
KOCTH. [10oTycTHM, 4TO HE BCe ATH IPSMbIE TPOXOIAT Yyepe3
o/IHy TOUKY. MbI TaKKe MOKeM ITpe/oaraTh 6e3 orpaHu-
yeHUs1 OOUIHOCTH, YTO B PACCMATPHUBAEMOM MHOXKECTBE
IPSMBIX HET IapaJiiesbHbIX. Torna MOXKHO pacCMOTPETb
TPEYTOJTbHUKM, OTPAaHWYEHHbIE PA3JUYHBIMU TPOHKAMU
npsiMbiX. Cpeln BceX TaKMX TPEYTOJbHUKOB BbIOEPEM
TPEYTOJbHUK HamMeHblnell momaaun. O603HAUYUM HTOT
TpeyroabHUK yepe3 POR. Temepb Mbl IPEeNOIOKIM, UTO
Yyepe3 KOKIYIO TOUKY MepeceyeHns IByX MPsSIMbIX HAIero
MHO3KeCTBA ITPOXO/IUT ellle KaKasi-TO TPEThs IpsiMas Hallie-
ro muOKecTBa (9TO TPEANOJIOKEHNE JIOJBKHO MPUBECTH
HAaC K IPOTHBOPEUHIO) . B yacTHOCTH, €CTh NpsIMbIe HATIETO
MHOXKECTBA, ITPOXO/IAIIIE Yepe3 BePIINHbI TPEYTOJbHUKA
PQR), 1O He COBIA/IAIONINE CO CTOPOHAME 3TOTO TPEYTOJIb-
nuka. [lockombky Tpeyrospank PQR nMmeer, 1o ompe/e-
JICHWIO, MUHMMAQJBHYIO ILJIOIIA/b, 3TU JONOJHUTEIbHbIC
MpsIMble He 3aXO/ST BHYTPb TPEYTOJIbHUKA. 3HAYUT, OHU
OTpaHnYMBaOT TpeyroibHUK ABC, OMMCAaHHBIN BOKPYT
TpeyroimbHuKa PQR. Bocrosb3yemes pesyJibTataMu Mpu-
BE€/IEHHBIX BbINIe YIIpakHeHWH. Mbl mosryyaem nmpotuBope-
Yie ¢ MUHUMAJTbHOCTBIO TIIOMIA/N, €CJIU TOJbKO CTOPOHBI
TpeyroibHuKa PQR He mapaJesbHbl COOTBETCTBYIONIUM
cTopoHaM tpeyroybanka ABC. OmHaKo Mbl TTPE/IION0KH-
JIM, 4TO B PacCcMaTPUBAEMOM MHOKECTBE IPSMBIX HeET
napaJijiesbHbIX.

KomMnnekcHble yncna: KoHTpnpumep'

K paspsany HeoxxujiaHHOCTEN MOXKHO OTHECTH TOT (PaKT,
9TO <«KOMILTeKcnpuKaimsi» TeopeMbl CuabBecTpa—lam-
JIan He BEpHA.

Toukwu v IpsSIMbIE, TIPO KOTOPbIE MBI TOBOPHUJIH JI0 CUX TIOP,
ObLIN IEHCTBUTEJNbHBIMUA TOYKAMU W [I€HCTBUTETbHBIMU
npsIMBIMU. EcJii BBeCTH HA TIITOCKOCTH CUCTEMY KOOP/IMHAT,

! Qumamenv, ne snaxomwiii ¢ xomnaexcuvinu wucaamu, moxem
nponycmums smom pasoden 6e3 yuepba 05 nonuManus darverl-
wezo mexcma.
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TO JIefiCTBUTEIbHbBIE TOUKN N300pa3ATCs apaMu JieiicTBI-
TeJIbHBIX ymcesl. [leficTBUTENbHYIO TIPSMYIO MOKHO OIlpe-
JA€JIUTb KaK MHOKECTBO ﬂeﬁCTBHTeJIbeIX TOYCK, YAOBJIET-
BOPSIONINX OIPEIeJeHHOMY JHHEHHOMY ypaBHEHHIO C
JeficTBUTeTbHBIMI KoadpurmeHTamMu. OTHAKO B KAUECTBE
KOOPJAMHAT MOXKHO 6paTh 1 KOMILJIeKcHble uncaa. CooTBet-
CTBEHHO, MOKHO TOBOPUTDH O KOMILTIEKCHBIX TOUKAX, KOM-
IIJIEKCHDIX MMPAMbBIX U T.[I. MHO’K€eCcTBO BCEX KOMILIEKCHbBIX
TOYEK IJIOCKOCTH CJIOKHEE ce6e MPe/ICTaBUTh, OCKOJIbKY
OHO €CTECTBEHHBIM 06Pa30M OTOK/ECTBJISETCS C JIeiiCTBH-
TEJIbHBIM YETBIPEXMEPHBIM, a HE JIByMEPHBIM, IIPOCTPaH-
cTBOM. PaccMOTpUM Takylo CHCTEMY ypPaBHEHMIi:

2+’ +(1+22 +3w)3 =zw (1 +2z +3w) =0.

CyiectByeT poBHO 9 KOMIUIEKCHBIX Todek (T.e. map
KOMILIEKCHBIX umcen (2, @w)), YIOBJIETBOPSIONUX 3TOI
cHCTeMe — IO TP TOYKU HA KaK/IOW U3 TPEX MPSAMBIX 2 =
=0,w0=0,1+2z+ 3 w=0. Hanpumep, ecyii No/ICTAaBUTH
z = 0 B mepBoe ypaBHEHWE, TO TIOJIYUNTCS KyOMUECKOe
ypaBHEHWE HA @, Y KOTOPOTO TPH KOMIIJIEKCHBIX PEIIEeHH
— OHU COOTBETCTBYIOT TPEM TOUKaM Ha IPsAMOii z = (); TOUHO
TaK)Ke MOKHO TIOCTYIUTD € IBYMS OCTAJIbHBIMU TIPSIMBIMHU.
KomMmiexcHast psiMast, TIPOXOoAIIast uepes Jo0ble Be U3
ITUX JICBSATU TOUEK, COJCPIKUT U HEKOTOPYIO TPETHIO TOUKY .
C npyroii CTOPOHBI, He CYTIECTBYeT KOMILJIEKCHOH TTPSIMOi,
mpoxozdIeii yepe3 Bce 9 paccMaTpuBaeMbIX TOYEK.

Ynpaxunenue 12. /[okaxurte aTH yTBEPKICHUS.

Wrak, Mbl y6eUIUCH, YTO HA/l KOMILJIEKCHBIMU YUCTAMI
teopeMa CusbBectpa—lasman He nMeer Mecta. 3aMeTuM,
yTo KoaduimenTtsor B Boipakenuu 1 + 2z + 3w MOXHO
BBIOUPATH MOUTH TTPOM3BOIBHBIM 06pa3oM (n36erast ToIb-
KO HEKOTOPBIX BBIPOKIECHUN, TPH KOTOPBIX OJIHA W3
JIEBATH TO4YeK yOeraer Ha GECKOHEYHOCTH); HalpHUMeEp,
MOJKHO C T€M K€ yCIIEXOM B3SIThb € + Tk +iw .

OTMeTnM, KCTaTh, 4YTO ypaBHEHWE 2w + (1 +2z+
+ 30))3 =( 3ajJaer Ha KOMILIEKCHOH TIJIOCKOCTH Ky6udec-
Kylo KpuBy1o, a ypastenue zw (1+2z +3w) =0 onucbipa-
eT Toukn nepernba atoil Kpuoil. Takum o6pasom, HaIIK
JIEBSITh TOYEK — ATO TOUKM Tepernba KOMILIEKCHOH KyOu-
yeckoil KpuBOi. 113 9TUX AEBATH TOUEK TOJILKO TPU MOTYT
OBITH BENCCTBEHHBIMH.
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