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A Simple Synthetic Proof of Lemoine’s Theorem

Tran Quang Hung

Abstract. Using similar triangles and cyclic quadrilaterals, we shall give a sim-
ple synthetic proof of the Lemoine’s theorem that the symmedian point of a
triangle is the unique point which is the centroid of its own pedal triangle.

This article is to give a new proof of Lemoine’s theorem on the symmedian point
of a triangle. The symmedian point K of a triangle ABC is the isogonal conjugate
of its centroid G.

Lemoine’s Theorem. Given a triangle ABC, a point P is the centroid of its own
pedal triangle with reference to ABC if and only if it is the symmedian point of
triangle ABC.

Proof. (⇐) Let P be the symmedian point K of ABC, and M the midpoint of
BC, N the reflection of G in M . Then BGCN is a parallelogram, and that the
quadrilaterals KEAF , KDBF , and KDCE are cyclic.
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Chasing angles, we have

∠CNG = ∠BGN = ∠GAB + ∠GBA

= ∠KAC + ∠KBC = ∠KFE + ∠KFD

= ∠DFE, (1)

and

∠NCG = ∠NCB + ∠BCG = ∠GBC + ∠BCG

= ∠KBA+ ∠KCA = ∠KDF + ∠KDE

= ∠FDE. (2)

From (1) and (2), it follows that triangles CGN and DEF are similar. Let the line
DK intersect EF at L. Then

∠MCN = ∠GBC = ∠KBA = ∠KDF = ∠FDL.

This means triangles CMN and DLF are similar, and there is a similarity trans-
forming C, G, N , M to D, E, F , L respectively. Since M is the midpoint of GN ,
L is the midpoint of EF . This means that the line DK bisects EF . Similarly, the
lines EK and FK bisect FD and DE respectively. Hence, K is the centroid of
triangle DEF .
(⇒) Suppose P is the centroid of its own pedal triangle triangle DEF . Let Q
be the isogonal conjugate of P with respect to triangle ABC. Extend AQ to N
such that CN is parallel to QB. Note that the quadrilaterals PEAF , PFBD, and
PDCE are cyclic.
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By angle chasing,

∠CNQ = ∠BQN = ∠QAB + ∠QBA

= ∠PAC + ∠PBC = ∠PFE + ∠PFD

= ∠DFE, (3)

and

∠NCQ = ∠NCB + ∠BCQ = ∠QBC + ∠QCB

= ∠PBA+ ∠PCA = ∠PDF + ∠PDE

= ∠FDE. (4)

From (3) and (4), we deduce that the triangles CQN and DEF are similar. Let
the line DP intersect EF at L. Because P is the centroid of triangle DEF , L is
the midpoint of EF . Let the line CB intersect QN at M . Then

∠MCN = ∠QBC = ∠PBA = ∠PDF = ∠LDF.

This means the triangles CMN and DLF are similar. There is a similarity trans-
forming D, E, F , L to C, Q, N , M respectively. Since L is the midpoint of EF ,
M is the midpoint of QN . Since CN is parallel to BQ, the triangles BMQ and
CMN are congruent. This implies that M is the midpoint of BC, and the line
AQ bisects BC. A similar proof shows that the line BQ bisects the segment AC.
Hence Q is the centroid of triangle ABC, and P , being the isogonal conjugate of
Q, is the symmedian point of ABC. �
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