XV GEOMETRICAL OLYMPIAD IN HONOUR OF
I.LF.SHARYGIN
The correspondence round. Solutions

1. (I.Kukharchuk, 8) Let AA;, CC} be the altitudes of triangle ABC', and P be an arbitrary
point of side BC. Point @) on the line AB is such that QP = PC}, and point R on the
line AC' is such that RP = C'P. Prove that QA;RA is a cyclic quadrilateral.

Solution. It is clear that A, C', Ay, C; are concyclic. Denote the corresponding circle by
wy. Furthermore the midpoints X and Y of segments QC; and RC' are the projections of
P to AB and AC respectively, thus X, Y and A; lie on the circle w, with diameter AP.
Let O be symmetric to the center of w; (the midpoint of AC) about the center of ws.
By Thales theorem, the projections of O to AB and AC' are the midpoints of segments
AQ and AR respectively, i.e. O is the circumcenter of triangle AQR. Since O lies on the
perpendicular bisector to AA;, the point A; also lies on the circle ABC' (fig.1).

Fig. 1

2. (D.Shvetsov, 8) The circle w; passes through the center O of the circle wy and meets it at
points A and B. The circle ws centered at A with radius AB meets w; and ws at points
C and D (distinct from B). Prove that C, O, D are collinear.

Solution. Since the arcs AC and AB of w; are congruent, we obtain that LZAOC =
180° — ZAOB. But it is clear that LZAOD = ZAOB (fig.2), so we obtain the required
assertion.
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Fig. 2

3. (L.Shteingarts, 8) The rectangle ABCD lies inside a circle. The rays BA and DA meet
this circle at points A; and A,. Let Ag be the midpoint of A;As. Points By, Cy, Dy are
defined similarly. Prove that AqCy = ByDj.

Solution. Let X, Y be the projections of the center of the circle to AB, C'D respectively
(fig.3). Then BB; — AA; = (XB; — XB) — (XA, — XA) = AX — BX = DY —
CY = CCy — DD;. Therefore the projection of segment AyCy to the line AB, equal to
(A1By + C1D; — AA; — CCY)/2, is congruent to the projection of segment ByDy to the
same line. Similarly the projections of these segments to the line AD are congruent, thus
the segments are congruent too.
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4. (A.Trigub, 8) The side AB of triangle ABC' touches the corresponding excircle at point
T. Let J be the center of the excircle inscribed into angle A, and M be the midpoint of
AJ. Prove that MT = MC.



Solution. Let R be the projection of J to AC. Then CR = p— AC = AT. Furthermore
MR = MA as a median of the right-angled triangle AJR, and ZMRA = ZMAR =
LMAT (fig.4). Hence the triangles MT A and MCR are congruent and MT = MC.

Fig. 4

5. (F.Ivlev, 8-9) Let A, B, C and D be four points in general position, and w be a circle
passing through B and C. A point P moves along w. Let () be the common point of
circles ABP and PCD distinct from P. Find the locus of points Q.

Solution. We have that Z(QA,QD) = Z(QA,BA) + Z(BA,DC) + £(DC,DQ) =
Z(QP,PB)+ Z(BA,DC) + £(PC, PQ) = £(PC, PB) + Z(BA, DC) do not depend on
P. Therefore the locus of () is the circle passing through A and D.

6. (A.Akopyan, (8-9) Two quadrilaterals ABC'D and A;B;CyD; are mutually symmetric
with respect to the point P. It is known that Ay BC'D, AB,CD and ABC.D are cyclic
quadrilaterals. Prove that the quadrilateral ABC D; is also cyclic.

Solution. We have l(ADl,DlB) = Z(ADl,ABl) + A(AlB,DlB) = Z(AlD,AlB) +
Z(ABy,B,D) = L(AC,CD) + Z(CD,BC) = Z(AC,BC). Thus A, B, C, D; are con-
cyclic.

7. (P.Bibikov, (8-9) Let AH4, BHp, C'H¢c be the altitudes of the acute-angled triangle
ABC. Let X be an arbitrary point of segment CHs, and P be the common point of
circles with diameters Ho X and BC, distinct from Hg. The lines C'P and AH 4 meet at
point (), and the lines X P and AB meet at point R. Prove that A, P, ), R, Hp are
concyclic.

Solution. Since BCPH¢ is a cyclic quadrilateral, we obtain Z/CPHs = 180° — /B =
180° — ZAHH:, where H is the orthocenter of ABC. Hence HQPH. is cyclic, i.e.
/CQH = ZHH-P. But ZHH-P = ZHcRP because Ho P is an altitude of the right-
angled triangle HoRX. Thus A, R, P and @) are concyclic. Since HoPHgC' is cyclic, we
obtain ZPHpA = ZPH-C = ZPRB, therefore Hg lies on the same circle (fig.7).
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Fig. 7

(M.Etesamifard, 8-9) The circle w; passes through the vertex A of the parallelogram
ABCD and touches the rays CB, C'D. The circle wy touches the rays AB, AD and
touches w; externally at point 7. Prove that T lies on the diagonal AC.

Solution. Let 7" be the common point of w; and the ray AC. The homothety with
center 7" mapping C' to A maps the rays CB, CD to AD, AB respectively. Thus it maps
w1 to circle w’ which touches these rays and is tangent to w; at T7”. Therefore w’ coincides
with wq, and T” coincides with T.

(E.Bakaev, 8-9) Let Ay be the midpoint of side BC of an acute-angled triangle ABC,
and Ay be the foot of the altitude to this side. Points By;, By, Cy, Cy are defined
similarly. Prove that one of the ratios Ay;Ap : AyA, ByBy : ByB, CyCy : CyC'is
equal to the sum of two remaining ratios.

Solution. Note that, for example, Cy,Cy = |ACy — BCg|/2. Therefore CyCy/CrC =
| cot A — cot B|/2. The required assertion follows from this and two similar equalities.

(A.Trigub, 8-9) Let N be the midpoint of arc ABC' of the circumcircle of triangle ABC,
and NP, NT be the tangents to the incircle of this triangle. The lines BP and BT
meet the circumcircle for the second time at points P, and T; respectively. Prove that
PP, =TT1.

Solution. Let I be the incenter of ABC. Since BN is the external bisector of angle
B, we have ZIBN = 90° = ZIPN = ZITN. Thus B, I, N, T, P are concyclic, and
since I'T' = I P, we obtain that BI bisects angle PBT. Hence P, and T} are symmetric
with respect to the diameter of the circumcircle passing through N, i.e. NP, = NTj.
Furthermore /ZNPB = ZNTB and NP = NT, Therefore the triangles NPN; and NTT;
are congruent and we obtain the required assertion (fig.10).
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Fig. 10

(M.Saghafian, 8-9) Morteza marks six points in the plane. He then calculates and writes
down the area of every triangle with vertices in these points (20 numbers). Is it possible
that all of these numbers are integers, and that they add up to 20197

Answer. No.

Solution. Consider any four of marked points. If they form a convex quadrilateral
ABCD, then Sagc + Sacp = Sasp + Sgep. And if one point lies inside the triangle
formed by three remaining ones, then the area of this triangle is equal to the sum of areas
of three inner triangles. In both cases the sum of areas of four triangles formed by these
points will be even. If we sum up all such sums then each triangle will be counted three
times, therefore the sum of all 20 areas is also even.

(B.Frenkin, 8-11) Let A;A2A; be an acute-angled triangle inscribed into a unit circle
centered at O. The cevians from A; passing through O meet the opposite sides at points
B; (i = 1,2, 3) respectively.

(a) Find the minimal possible length of the longest of three segments B;O.

(b) Find the maximal possible length of the shortest of three segments B;O.

Answer. (a), (b) 1/2.

Solution. Firstly let us show that among two segments B;O, the longer segment is
directed to the shorter side (clearly, equality of sides implies equality of segments). Sup-
pose, for example, that A; A3 < AyAsz. Since ZOA1Ay = ZOA5A,, we have ZOAyB; <
/0OABy. For triangles A{OB, and A;OB;, we have A0 = A0, ZAOBy = ZA;0B;.
Hence BO; < B0 as required.

(a) Suppose that in an acute-angled triangle A;AsAs with the circumcircle of radius
1 the side A;Aj is the shortest. Then the segment Bs;O is the longest among B;O.
Since ZA; < 60°, we have ZA;0A; < 120° and ZOA; Ay > 30°. From O, draw the
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13.

14.

perpendicular OP to A;As. Then 1/2 < OP < B30O. The equality is attained for the
equilateral triangle.

b) Suppose that in an acute-angled triangle A;A; A3 with the circumcircle of radius 1 the
side A; A, is the shortest, and the side A;Ajs is the longest, so that the segment B0 is
the shortest among B;O. Let us move point A; along the circumcircle towards point As.
Then the segment B0 will increase because it will move away from the perpendicular
from O to A3 As. When the angle A;A3Ay will equal 180° — 2/ A5 A Az, we will obtain
an isosceles triangle with A; A3 = Ay Az > A As.

In triangle A;B;As, the segment A30 is a bisector, so BiO/A10 = B1A3/A1A; =
B1A3/AyA;. Tt is easily seen that the last ratio does not exceed 1/2 for A;A; < A;As.
Hence B;0 < 1/2. The equality is attained for the equilateral triangle.

(G.Filippovsky, 9-10) Let ABC be an acute-angled triangle with altitude AT = h. The
line passing through its circumcenter O and incenter I meets the sides AB and AC' at
points F' and N respectively. It is known that BFNC' is a cyclic quadrilateral. Find the
sum of the distances from the orthocenter of ABC' to its vertices.

Answer. 2h.

Solution. Since BN F'C' is cyclic, we have ZONA = ZB. On the other hand, ZOAC =
w/2 — ZB. Thus AO L OI. Draw the perpendicular IT to AH. Since AI bisects
angle OAH, we obtain that the right-angled triangles AOI and ATI are congruent, i.e.
AT = AO = R and h = AH = R + r, where R and r are the circumradius and the
inradius of triangle ABC (fig.13). It is known that the sum of distances from O to the
sidelines of the triangle is equal to R 4 r, and the sum of distances from the orthocenter
to the vertices is twice as large, which yields the answer.

Fig. 13

(S.Arutyunyan, 9-11) Let the side AC' of triangle ABC touch the incircle and the corre-
sponding excircle at points K and L respectively. Let P be the projection of the incenter
onto the perpendicular bisector of AC'. It is known that the tangents to the circumcircle
of triangle BK L at K and L meet on the circumcircle of ABC'. Prove that the lines AB
and BC' touch the circumcircle of triangle PK L.
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15.

Solution. Suppose that AB > BC'. Let M be the midpoint of AC, N be the midpoint of
arc ABC', NW and K D be the diameters of the circumcircle and the incircle respectively.
By the assumption, the tangents to the circle BKL at K and L meet at W, i.e. BW is the
symedian of triangle BK L. Furthermore B, D, L are collinear and BW bisects segment
K D. Hence triangles BKL and BDK are similar, i.e. ZBMC = ZBID = (LC—ZA)/2.
Then ZBMN = (r — £C + LA)/2 = ZBNM and BM = BN. Let S be a point on the
arc AWC such that Z/SBC = ZABM. Then /SNB = ZABM + /BAC = /ZBMC =
/ZNSB,ie. BS= BN = BM (fig.14). By similarity of triangles ABM and SBC we have
AB-BC = BM-BS = BM? = (2AB*+2BC?— AC?) /4. Therefore AC* = 2(AB— BC?),
or AC = /2K L. Applying the Stewart theorem to triangle AWC and cevian WK we
obtain that WK? = W(C? — AK - KC = WI? — (AM? — MK?) = WI* - MK? =
WI%— PI? = WP? (by the trident theorem, WC = W1I). Thus P, K, L lie on the circle
centered at W.

M

Fig. 14

Let R, r be the circumradius and the inradius of triangle ABC. Then the distance from
W to line AB is equal to BW sin €2 = 2R cos €544 sin £2 = R(sin ZA + sin ZC). By
the Carnot theorem R+1r = R(sin ZA+sin ZB +sin ZC'), therefore this distance is equal
to R(1—cos£B)+r=WM + MP = W P, which is equivalent to the required assertion.

(M.Etesamifard, 9-11) The incircle w of triangle ABC' touches the sides BC, C A and
AB at points D, E and F respectively. The perpendicular from E to DF meets BC at
point X, and the perpendicular from F' to DE meets BC' at point Y. The segment AD
meets w for the second time at point Z. Prove that the circumcircle of the triangle XY Z
touches w.



16.

17.

Solution. Let I be the center of w. Note that /FYX = /ZICB = /FEX,ie. XYEF
is a cyclic quadrilateral. Now BC', EF and the tangent to w at Z concur at the pole T’
of AD with respect to w. Hence TZ? =TF -TE =TX -TY, i.e. TZ touches the circle
XY Z (fig.15).

Fig. 15

(M.Plotnikov, 9-11) Let AH; and BH, be the altitudes of triangle ABC' let the tangent
to the circumcircle of ABC' at A meet BC' at point S7, and the tangent at B meet AC' at
point Sy; let T7 and T, be the midpoints of AS; and B.S, respectively. Prove that 1175,
AB and H; H, concur.

Solution. It is clear that 77 lies on the medial line ByCy of triangle ABC', and T} A
touches the circle AByCy. Thus Ty A? = T1 B, - T1Cy. But By, Cj lie on the nine-points
circle (NPC) of triangle ABC', therefore T lies on the radical axis of this circle and the
circumcircle. By similar reasoning for 7, we obtain that 7175 is the radical axis of the
circumcircle and the NPC. Since A, B, H;, Hy are concyclic, we obtain that the lines AB
and HyH, are the radical axes of the corresponding circle with the circumcircle and the
NPC respectively. Clearly these three radical axes concur.

(E.Bakaev, 10-11) Three circles wy, wa, ws are given. Let Ay and A; be the common
points of w; and wy, By and By be the common points of wy and w3, Cy and C; be the
common points of ws and w;. Let O, be the circumcenter of triangle A;B;Cy. Prove
that the four lines of the form O;;,01_;1-;1- are concurrent or parallel.

Solution. Let O be the radical center of the given circles. If O lies outside these
circles then there exists a circle centered at O and perpendicular to three given circles.
The inversion with respect to this circle saves all given circles. Therefore this inversion



18.

transposes Ay and Ay, By and By, Cp and (4, thus it transposes the circles A;B;C), and
Ay1_;B,_;C\_j. Hence the lines joining the centers of such pairs of circles pass through O.

If O lies inside the given circles then they are saved by the composition of the inversion and
the central symmetry with center O. Therefore in this case four lines also pass through

0.

(N.Beluhov, A.Zaslavsky, 10-11) A quadrilateral ABC'D without parallel and without
equal sides is circumscribed around a circle centered at I. Let K, L, M and N be the
midpoints of AB, BC, C'D and DA respectively. It is known that AB-CD =4IK -IM.
Prove that BC - AD =4IL - IN.

Solution. Construct J such that AAJB ~ ADIC. Then AJBI is cyclic. Let k be its
circumcircle, and let 1K meet k for the second time at J’. Then from KJ : AB = IM :
CD,IK-KJ =KA-KB = AB?/4, and 4IK - IM = AB-CD it follows that KJ = K.J’
(fig. 18).

M

A N D

Fig. 18

If AB is a diameter of k, then ZAIB = 90° and AD| BC — a contradiction. Therefore,
AB is not a diameter of k. If J = J', then ZICB = ZAIK, ZIDA = /ZBIK and
BC = r(cot ZIBK + cot LZAIK) = r(cot ZIAK + cot ZBIK) = AD — a contradiction.
From this and K.J = K.J', it follows that J and J' are symmetric with respect to the
perpendicular bisector of AB.

Therefore, ANAITK ~ ANJ'BK ~ AJAK ~ AIDM. From this, together with ZIAK =
ZIAD and ZIDM = ZIDA, it follows that AAIK ~ AADI ~ AIDM. Analogously,
ABIK ~ ABCI ~ AICM.

Let P and (Q be the midpoints of /A and IB. Then AIND ~ AKPI ~ ANIQK ~ ACLI.
Therefore, IN : ND = CL : LI and 4IL - IN = AD - BC, as needed.

Note. A circumscribed quadrilateral ABC' D that has no parallel or equal sides satisfies
the conditions of the problem if and only if its incenter [ is the center of gravity of its
four vertices A, B, C, and D.



19. (A.Utkin, 10-11) Let AL,, BL;, C'L. be the bisectors of triangle ABC. The tangents
to the circumcircle of ABC' at B and C' meet at point K,, points K;, K. are defined
similarly. Prove that the lines K,L,, KL, and K.L. concur.

Solution. Since ABK, is an isosceles triangle, the sine law applied to triangles AL K.
and BL,K,. implies that sin ZAK.L. : sin /BK.L. = AL, : BL.. From this and two
similar equalities we obtain the required assertion applying the Ceva theorem.

20. (A.Zaslavsky, 10-11) Let O be the circumcenter of triangle ABC, H be its orthocenter,
and M be the midpoint of AB. The line M H meets the line passing through O and

parallel to AB at point K lying on the circumcircle of ABC'. Let P be the projection of
K onto AC'. Prove that PH || BC.

Solution. Let () be the projection of K to BC. Then P(Q is the Simson line of K,
therefore PQ) bisects segment HK, and the angle between PQ and altitude C'H (the
Simson line of C') is equal to the half of angle COK. But OK is the perpendicular bisector
for segment C'L, where L is the second common point of C'H with the circumcircle. Hence
LHCK = ZCLK = ZCOK/2,ie. PQ || CK. Thus PQ bisects segment CH. Also M H
meets the circumcircle for the second time at point C” opposite to C, and C'M = M H.
Therefore CK 1 KC', ie. the corresponding sides of triangles CPQ) and BHC' are
perpendicular. Then their medians are perpendicular too, therefore C'H bisects segment
PQ and CPHQ is a parallelogram (fig.20).

W

M

C/
Fig. 20

21. (A.Sgibnev, A.Zaslavsky, 10-11) An ellipse ' and its chord AB are given. Find the locus
of orthocenters of triangles ABC' inscribed into I'.

Solution. Choose a coordinate system such that the line AB is the X-axis. Then the
equation for I will be (v —z,)(x—x ) +y(ax+by+c) = 0, where b > 0. The coordinates of
orthocenter H are (x¢, h), where h satisfies the condition of perpendicularity AH and BC:

10



22.

(xc—xa)(xc—2xB)+hyc = 0,i.e. h=—(xc—x4)(zc—2p)/yc. But by the Vieta theorem
X H meets ' for the second time at the point with ordinate (z¢ — x4)(zc — x5)/byc.
Thus the locus of orthocenters is an ellipse obtained by the contraction of I' to AB with
coefficient —b. Since this coefficient is equal to the ratio of squares of two diameters,
perpendicular and parallel to AB, we obtain that this ellipse is similar to I' and their
major axes are perpendicular.

(P.Kozhevnikov, 10-11) Let AAj be the altitude of the isosceles triangle ABC' (AB =
AC). A circle 7 centered at the midpoint of AAj touches AB and AC. Let X be an
arbitrary point of line BC. Prove that the tangents from X to v cut congruent segments
on lines AB and AC.

First solution. For simplicity, we consider only the case when X lies inside segment
BAj. All other cases are similar.

Let By and Cy be the midpoints of segments AC' and AB, respectively. Let one tangent
meet segment ACj at P and let the other tangent meet segment C'By at Q.

By Newton’s theorem for circumscribed quadrilateral APX @, the midpoints of segments
AAy, AX, and PQ are collinear. Therefore, the midpoint R of segment PQ) lies on the
midline of triangle ABC' opposite to vertex A.

Let S be the reflection of point A about point R. Then S lies on line BC', and quadrilateral
APSQ is a parallelogram (fig. 22.1). Therefore, CoP : AgS = Bo@ : ApS and CoP =
ByQ.

Ao
X S

Fig. 22.1

Let one tangent meet ray CoB at P’, and let the other tangent meet ray BgA at Q'
Similarly, Co P" = BoQQ'. Therefore, PP = QQ)’, as needed.

Second solution. Let one of two tangents meet AB and AC' at points Y; and Y, and
the second one meet them at Z; and Z5 respectively. Since the relation between these
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points is projective, it is sufficient to prove that Y;Z; = Y57, for three positions of X, i.e.
by symmetry for some point distinct from the midpoint of BC'. When X tends to B then
one of points 7, Y} also tends to B, and the second one tends to the touching point P of
~v with AB. Let @Q be distinct from A point of AC such that BQ touches v, and let By, Cy
be the midpoints of AC, AB respectively. Then we have (B, Cy, P,00) = (Q, 00, A, By),
ie. AQ = BP (fig.22.2).

A
P
Co Bo
Q
B i C
Fig. 22.2

23. (A.Skopenkov, (10-11) In the plane, let a,b be two closed broken lines (possibly self-
intersecting), and K, L, M, N be four points. The vertices of a, b and the points K L,
M, N are in general position (i.e. no three of these points are collinear, and no three
segments between them concur at an interior point). Each of segments KL and MN
meets a at an even number of points, and each of segments LM and N K meets a at an
odd number of points. Conversely, each of segments KL and M N meets b at an odd
number of points, and each of segments LM and NK meets b at an even number of
points. Prove that a and b intersect.

First solution. Since the vertices of a are in general position, this broken line divides
the plane into several parts which can be colored black and white regularly (i.e. in such
a way that the colors of adjacent parts are different). See the proof, for example, in [Sk,
§1.3, §2.2|, [Sk18, §1.3, §2.2|. Let the "external" part be white. Consider an arbitrary
point O of self-intersection of a and take segments OA = OB = OC' = OD = ¢ on its
links passing through, such that ABCD is a rectangle. If ¢ is sufficiently small then all
common points of a with b and segments KL, LM, M N, NK lie outside this rectangle.
If we construct such rectangles for all points of self-intersection and color them white,
then the black part of the plane will be the union of several not intersecting polygons.
Now recolor several rectangles to obtain a black polygon restricted by not self-intersecting
broken line a’. Construct not self-intersecting broken line & in the similar way. By the
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construction the broken lines a’, b intersect one another and meet segments KL, LM,
MN, NK at the same points as a, b. Suppose that a’ and " do not intersect. Then they
divide the plane into three parts, therefore two of points K, L, M, N lie in the same part.
But this is impossible because a' separates K and L from M and N, and b’ separates K
and N from M and L. Thus o’ and ¥ intersect, and hence the given broken lines intersect
too.

Second solution. Let point C' be in general position related to the vertices of a, b and
points K, L, M, N. Denote the union of segments CK UCLUCM UCN by ~.

As in the first solution color regularly black and white the parts into which a divides
the plane. Denote the union of the black parts by «. Construct similarly the set
corresponding to b.

If a and b do not intersect then a N B is a or ), and N b is b or (). Then the following
chain of comparisons modulo 2 yields a contradiction:

0 = [0(ynanp)|

= 0 Nang| + |[yN. oo NG| + [vyNan o =1+0+0=1.
" 5 | Y Bl + |y N Bl + |y G | n

={K,L,M,N} =a =b
Here (1) is true because yNa N is the union of a finite number of unclosed broken lines

with even number of endpoints. The proof of (2) is not difficult (this is the «Leibnitz
formulas ).

Let us prove (3). We have

(K,L,M,NYnang = ({K,L, M, N\na)N({K, L, M, N}n\8) = {K, L}n{K,N} = {K}.

Ifanp=0thenyNanp=10. And if a N 3 = a then
lyNanpgl=|yna|=|KNnNa|+|LMNa|=1+1=0.

Thus in both cases |y Na N G| = 0. Similarly |y NaNbl = 0.

Remarks. Similar reasoning about triple intersections demonstrates that the Borromeo
rings cannot be uncoupled. See [Sk, §4].

The multidimensional version of the problem, the Borromeo rings lemma, can be proved
similarly, see [AMS-]. This lemma is significant for the study of complexity of realizability
of hypergraphs in multidimensional spaces, see [MTW11, ST17].
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(N.Beluhov, 11) Two unit cubes have a common center. Is it always possible to number
the vertices of each cube from 1 to 8 so that the distance between each pair of identically
numbered vertices would be at most 4/57 What about at most 13/167

Solution. Let k = AjA, ... Ag be one of the two cubes (with A;A3A3A, a unit square
and A; adjacent to A;,4 for all 7), dy, da, d3, and d4 be the space diagonals of k, A be the
second cube, and ey, ey, e3, and e4 be the space diagonals of . Let O be the common
center of the two cubes, s be their common circumscribed sphere, p be a positive real
which does not exceed the diameter of s, and « be the central angle of a chord of length
[ in s.

Let S; be the set of all e; such that the angle between d; and e; does not exceed o.
Suppose that, for all 1 < k < 4, the union of any £ of the sets S; contains at least k
elements. Then, by Hall’s representatives theorem, we can select a single representative
e, from each S; in such a way that all four representatives are distinct, and pair up the
endpoints of each d; with the endpoints of its corresponding €, in such a way that the
distance between the two vertices in each pair is at most u.

Let us then look at the possible values of k£ and the bounds on p that they impose.

k = 4: Let P be the center of the spherical cap cut off from s by the plane A;A;A3A,.
(That is, P lieson s, PA; = PAy = PA; = PA,, and Ay AyA3A, separates O and P.)

We need to ensure that the union of the eight spherical caps with centers A; and radii a
contains all vertices of A, i.e., that it covers s. This is true just if 4 > PA;; denote the
length of PA; by py.

k = 3: Let @ be a point on the shorter great-circle arc — A; A3 of s such that A>,Q =
AsQ = p and A1Q < QAs. Choose R and S similarly on the shorter great-circle arcs
~ A1A6 and — A1A8.

Without loss of generality, we need to ensure that the union of the six spherical caps
with centers Ao, Ay, As, As, Ag, and Ag and radii o contains at least six vertices of
A. Equivalently, we need to ensure that the complement of this union to s contains at
most two vertices of . This complement consists of two connected components which are
symmetric with respect to O; therefore, it is necessary and sufficient to ensure that each
component contains at most one vertex of A\. Since each component is contained within
the equilateral spherical triangle QRS but contains points arbitrarily close to @), R, and
S, it is necessary and sufficient to have QR < 1 — or, equivalently, i > us, where pug is
the value of p for which equality is attained. It is easy to see that us > pyq.

For k =2 and k = 1, let T} be the set of all d; such that the angle between e; and d; does
not exceed «.

k = 2: Without loss of generality, suppose that S; U S5 does not contain e, ey, and e3.
Then 17 UT5 U T35 does not contain d; and dy. From the case £ = 3 we know that this is
avoided just if u > us.
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k = 1: Suppose that, without loss of generality, S; does not contain any e;. Then the
union of all T; does not contain d;. From the case k = 4 we know that this is avoided
just if g > py.

Thus p > ps always works. In order to see that no p < pug works, let A be the cube with
center O and edge QR as in the case k = 3. At most one of the vertices Q and R of A
is paired with A;; whatever vertex of k we pair with the other one, the distance between
them will be at least 3. Therefore, the shortest distance p that satisfies the conditions

of the problem is 3 = 4/ %. Since 4/5 < pus < 13/16, the answer to the first part
of the problem is negative and the answer to the second part of the problem is positive.
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