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HeckosibKo NpsIMBIX, HPOXOAAIINX Yepe3 TOUKY
Deitepbaxa

®. Unjies

B sroit 3ameTke comepKUTCH, B YACTHOCTHU, pemreHue 3ajgadu 14.8
13 3a1a4HIKa «MaTeMaTHuecKoro mpocsereHnsi»

Beem uzBecTHO, UTO B J1II0O0OM TPEYTOJILHUKE CYIIIECTBYET BIUCAHHASA OKPY K-
HOCTB. TakzKe XOpomo m3BecTeH (PaKT, ITO BO BCIKOM TPEYTOJILHUKE Ce-
PEIWHBI €ro CTOPOH U OCHOBAHWS BBICOT TPEYTOJbHUKA JIEYKAT Ha OJHOMN
OKPY2KHOCTHU, HA3BIBAEMON OKPYHCHOCTIBIO JEBAMU TNOYEK WITH OKDYHCHOCTILLIO
Diisepa TpeyrombHUKA. ECanm paccMaTpuBaTh PA3HOCTOPOHHWIT TPEYTOTHLHUK
(a B HaIIEM HCCJIEIOBAHUN CJIydail paBHOOEIPEHHOIO U PABHOCTOPOHHETO Tpe-
YTOJIbHUKA, SIBJISIE€TCST BBIPOXKJIEHHBIM ), TO J[BE BBIIIEYIOMSIHY ThIE 3aMeYaTe b-
HbIe OKPY?KHOCTH KacCaroTcs. JTOT pakT B 1822 romay moKazay HEMEIKHUH Ma-
tematuk K. @eitepbax, uMeHEM KOTOPOTO YACTO HA3BIBAIOT KAK OKPY2KHOCTH
JEBSITH TOYEK, TAK U CAMy TOUKY KAacCaHUs OKPYKHOCTEN.

B nannoii pabore paccMOTpeHbI HECKOJIBKO HOBBIX 3aMeYaTesbHbIX IIpsi-
MBIX, IPOXOSIUX depes TouKy Peitepbaxa. Cam (BakT, ITO ITH HIPSIMBIE TTPO-
x0T uepe3 Touky Peiiepbaxa O6bu1 3ameder JIbBom EmenbsnoBbim u Tarbst-
noit Emenbanosoit 8 2001 romy. Ha Jlerneit kondepennuu Typrupa ropoaos
OHM BKJIIOYWJIM €ro KakK HeJOKA3aHHBI TyHKT B 3agady «CemeiictBo Deit-
epbaxa»?). TlepBoe pemenne, BUANMO, 66110 nosydeno JI. ['puaGeprom (Darij
Grinberg)?).

IIpuBenentoe B maHHON 3aMETKE JOKA3aTEJIHLCTBO OTIUYIACTCS OT HallIeH-
voro ['punbeprom. OHO 3aTparuBaerT HECKOJIHKO HOBBIX CBONCTB TOYEK, SIB-
JISIIONIUXCS TOYKAMH IIepeceYeHus] HECOOTBETCTBEHHBIX CTOPOH CEPEIMHHOTO
TPEYTOJILHUKA U TPEYTOJbHUKA U3 TOUEK KACAHUS BIUCAHHOW OKPYKHOCTHU CO

D ¥enosue 3anaun B 14 Beimycke «MaTeMaTHIeCKOro MPOCBEIIEHHsT» COIEPHKATIO ONEUaATKA.
IIpaBunbHOE yciioBHE CM. B 9TOM HOMepe, c. 235.

Y Ccpunka Ha crpammiy KoHdbepenmmu: http://www.turgor.ru/lktg/2001/index . php.
Ccpuika Ha ycaoBus 3aiadn (cM. 1. 22) http://www.turgor .ru/lktg/2001/feerbach/ru/
probl_r.zip.

3 Ceblaka Ha ero paGoTb! http://wuw.cip.ifi.lmu.de/"grinberg/geometry2.html, na
CTaTbhIO, 0 KOTOPOI HJIET peub, — http: //www.cip.ifi.lmu.de/ " grinberg/GenFeuerPDF.zip.

MaTemaTuyeckoe npoceeyerue, cep. 3, sbin. 15, 2011(219-228)
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B c

Puc. 1. Ocnosnast Teopema: npsmvoie A1 A’, BiB', C1C" npoxomar depes TouKy
Qettepbaxa

cropoHamu. IIpuBoasiTCst HOBbIE CBOMCTBa LEHTPOB BHEBIMCAHHBIX OKPY2KHO-
cTeil CepeIMHHOIO TPEYTOJbHUKA. TaKKe YKa3bIBAIOTCS ellle TPU 3aMevuaTe b
HbIE IPsIMbIE, TIPOXOjIsAIIue Yepe3 Touky Deiiepbaxa (momumo, HadiieHHbIX EMe-
JIbSTHOBBIMHM) U JIazKe TeJIbli Kirace TakuxX npsaMbix. (CM. Teopemy 2 u jieMMy 5
HITKE. )

B koHIIle cTaThu NpUBEIEHO, MOXKAJIYii, caMOe KOPOTKOE M IIPOCTOE JI0Ka3a-
TEJILCTBO HOCTABJICHHOMN 3a1aun, Haiigennoe Aexcanapom Ckyruusin? . B pe-
mennn CKyTHHA IPUBOJATCS ellle HECKOJIbKO MHTEPECHBIX CBOMCTB paccMaTpH-
BaeMOil KOHCTPYKIIAN.

Bynem HazbBaTh TPEyroJIBHUK, 0Opa30BaHHBIN TOYKAMHU KACAHUS BIUCAH-
HOIl OKPY2KHOCTH CO CTOPOHAMM, MPEY20AbHUKOM N ep2orta.

O0603HaINM BEPIIUHBI UCXOIHOIO TpeyrojabHuka A, B, C, BepmuHBI Tpe-
yrosibauka 2Keprouna — Aq, By, C1, a cepequsbl CTOpOH TpeyroyibHuka ABC
gepe3 Ay, By u Cy (cm. puc. 1). PaccMoTpuM TOYKH mepecedeHusi cOOTBET-
CTBEHHBIX CTOPOH CepelInHHOro Tpeyroibauka AgByCy n Tpeyronbauka 2Kep-
rouna A1 B1C;. O6osnaunm nx vepes A, B’ u C' coorsercreenno (A’ coor-
BETCTByeT TOUKe nepecedenus npsimbix B1Cy u ByCy). Hama nens — usyunrsb
cpoiictBa npameix A1 A’, B1B', C1C’ n nokasarb, 9TO OHM HPOXOIAT 4epes3
touky Deitepbaxa. Hazosem 310 yTBep:kaenne OCHOBHON TEOPEMOJA.

Y Pemenne npusogurcs ¢ cormacus A. CKyTuma.
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Hamerum 1mian mokasaresbcrBa. Ecin unrareib 3HAET HEKOTOPBIE JIEMMBI,
TO OH MOXKET Cpa3y IepeiTH K CJAEAyIOIINM IaraM pelreHust. Tak»Ke Croia
MOXKHO 3aIJIsIbIBATh, YTO0LI BCIIOMHUTL OOO3HAYMEHUS.

O6o3HaINM IIEHTD BIHcaHHON oKpyskHOCTH AABC depes I.

Obozuaunm Touky uepecevdenusi npsmbix CI u C1 A depes Cy, CI u
C1 By — gepes Cg. Anajorndno onpenessiiorcss Touku Ag, Ao, Ba, Be.

1. JIEMMA 1. Touka Cy nexur #a CyBy. AHAJIOIMYHO JJjIsi OCTAJIbHBIX
TOYEK.

2. JIEMMA 2. Touku Cy4, Cp, Ap, Ac JiexkaT Ha OJIHOI OKPYKHOCTH, Op-
TOrOHAJIBHOM BIIMCAHHON OKPY?KHOCTHU C IEHTPOM B Touke O 4.

3. JIEMMA 3. O4 u JBa IeHTpa aHAJOTWIHBIX OKPYKHOCTEH (0O03HATIM
ux 1epes Op u O¢) nexar ua upsmbix B'C'; A'C' u A’B’ coorset-
CTBEHHO.

4. JIEMMA 4. O6ozunaunm 3a M 4 cepenuny croporbl OgOc TPeyroabHIKa
040B0¢.
Torna M4 nexxut Ha upsmoit A1 A’.

5. JIOKABATEJTBCTBO OCHOBHOMW TEOPEMBI.

6. JIEMMA 5. Jlansl Touku A1, By, C1 Ha cropoHax TpeyroJbauKa. Ag, By,
Co — cepeaunnt cropon o ABC'. Touka nepeceuennss A1 By ¢ AgBy — A].
Anastornuno onpesensitores rouku B u C7. Touka Ay cummerpudna
Touke A oTHOCUTENBHO Ag. AHAJOIMYHO OILPENENSIOTCa TOYKA By 1
Csy. Touka nepeceuenns: Ay By ¢ AgBy — Afy. AHasoruaso onpeaessiores
rouku B u C%,.

Torga npsimbte A1 A}, B1 By, C1C1, A2Al, ByB), CoCY nepecekatorcst B
OJHOIT TOUKeE.

7. TEOPEMA 2. O603Ha4YMM TOYKU KacaHUs BHEBIUCAHHBIX OKPY2KHOCTEM
co croponamu uepes As, By u Cy. Ilycts A” — Touka mepecedyenust
upambeix BgCy u BoCy. Ananoruuno onpenenum Touku B” u C”. Torna
npsimbie As A’ BoB” u CoC” npoxoasar wepes Touky Deiiepbaxa.

[Tepeiiiem HETIOCPEJCTBEHHO K JIoKa3aTebCTBY. [Ipn mokazareibeTBe jgeMm
UCHOJIb3YIOTCS HEKOTOPbIe (bakThl u3 craThu [1]. A umenno: epumusl A, B u C
JexkaT Ha cTopoHax Tpeyroiabuuka A’ B'C’, n Kaxkaast u3 BepIIMH TpeyroJIbHY-
ka A’B'C" saBisercs mOII0COM ero MpOTUBOIIOJIOKHON CTOPOHBI OTHOCUTE/ILHO
BHUCAHHON OKPYZKHOCTU.

B nanbueitiem yo6Ho 6y1eT paccMaTpuBaTh BMECTO OOBITHBIX YTJIOB OPH-
eHTUPOBaHHbIE YIUIbl. Byjem obo3Hadars uepes (I, ) OpUEHTHPOBAHHBIN yToJI
MEXK/Iy IPSIMBIMU [ ¥ 7" — yTOJI, HA KOTOPBIl HY>KHO TOBEPHYTH PAMYIO [, 9TO-
OBl OHA cTaJja HapaJsuienbHa upsamoii [. Ilogpobree 06 OpHEeHTUPOBAHHBIX YTIJIaX
MOXKHO IIPOYHTATh B |2, ryiaBa 2|.
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Ay Ao

Puc. 2.

JIEMMA 1. Touka Cy4 Jsexxur Ha cpeuaneil jmauun A ABC, napaJuiebHOR
BC'. Anajorudno njisi OCTaJbHBIX TOYEK.

JIOKABATEJIBCTBO. Paccmorpum Tosibko ciaydait Touku Cy, JAjs 0CTa b
HBIX TOYEK PaCCyzK/ICHUA aHAJOIUYHbI.

B=180°- A—- ,C =
180° — /B A+ C

+BACy = 5 = 5

L(AlB, Alcl) = A(Alc, CI) + 4(14[, ACl) =
(Al ACy) = ,(A1B, A1Cy) — ,(A1C, CI) =
= ,(A1C, C1C4) — ,(A1C, CCy) =
= Z(IC’A, A1C) + 4(1410, C1CA) = 4([0,4, CA(Jl).
Canenosarenbo, Touku A, C1, Cy u I jexxar Ha OIHON OKpy:KHOCTH. Torma
LACAI = LACTT = 90° (cm. puc. 2). CuiestoBaresibHO, By — 1EHTD ONMUCAHHOI
okpyxkHOCTH AACAC, Kak cepeauHa IUIIOTEHY3bl IPAMOYTOILHOIO TPEYTOJIb-
nuka. [Toaygaem, uro ,CyByA = 2,C4CA = ,C, r.e. CyBy || BC, uro u
osnaudaet, uro C'4 By — cpejiHsis JIMHUS. O

JHastee 1151 1OKa3aTeILCTBA MbI OY1€M HOJIb30BATLCH A3BIKOM IPOEKTHBHDIX
U NOJISIPHBIX TIpeobpasosanuii. [TogpobHee 0 HUX MOXKHO pounTarh B [1] 1 [2].

JIEMMA 2. Touku Ap, Ac, Ba, Bo Jieskar Ha OIHOI OKPY?KHOCTH.

JOKA3ATENBCTBO. Msbl nosyuamin, aro CoCy || BC, a cienoBaresbHo,
Bce croponbl A(C1CyC 4 napaJuiebHbl COOTBETCTBEHHBIM cTopoHam A ChBA;.
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Ay Ao

Puc. 3.

To ecTb oH TOXKe papHOOeapenublil, u oToMy CoC1 = CyC 4. I1o aHaIOrMIHBIM
npuaunam CyCh = CyCp. Cnenoarenbuo, Cy — LEHTP ONUCAHHON OKPY2KHO-
cru tpeyroibauka CyC1Cp (eM. puc. 3). 3aMeTuM, 9TO IMEHTP ITOH OKPYK-
HOCTH JIE?KAT Ha KACATEIbHONM K BIIMCAHHON OKPYXKHOCTH B WX OOIMeil Touke
C1. 3HaYnT caMa OKPY>KHOCTb OPTOIOHAJIbHA BIMCAHHOW OKpyzkHOCTH. CJle-
npoBarenbno, Toukun C'4 u Cpg, nexamue ¢ I Ha ONHON IPSMOM, HHBEPCHLI OT-
HOCHUTEJILHO BIIMCAHHON OKPY>KHOCTH. AHAJOMMYHO WHBEPCHBI OTHOCHUTEIHHO
BIIMCAHHOW OKPY?KHOCTH Hapbl Touek Ap ¢ Ac u B ¢ Beo. CiienoBaresibHO,
Touku Ap, Ac, Ba, Bo Jjiexkar Ha OIHOI OKPYXKHOCTH, OPTOIOHAJIBLHON BIIH-
CAHHOI OKpy2kHOCTH. HazoBeM 3Ty OKPY?KHOCTH W¢o. AHAJOTHYHO OLPEIEsIIM
OKPYZKHOCTH WA U wp. LleHTpsl 3TUX OKpy2KHOCTel 0603HaumM 3a O4, Op u
O¢ COOTBETCTBEHHO. O

Tak Kak OKpPY>KHOCTH W 4, wp U onucaHHast okpykHocTb A C4CpC1 mpoxo-
st yepesd Toukn C'4 u Cg, TO UX IEHTPHI JIesKAT Ha ofHOi nmpsamoii. To ects Cy
gexxkut Ha upamoi O40p. Ananornuno By € O 0¢ u Ay € OpOg¢. Ilpuyem
040p nepuenaukynspua C4Cpg, a ciienoBaTebHO MEPIEHIUKYIAPHA U OMC-
cekrpuce yria C. 3amerum, aro buccekrpuca yria Cy rpeyrospauka AgByCy
napaJjuiesibaa 6uccekrpuce yria C. A smaunt, npsimas O4O0p TeplIeHIuKY-
JsipHa u ouccekTpuce yria Cy. BCIOMHEB, 9TO 3Ta HOpsiMasi IPOXOMUT Uepe3
Bepmiunay Cp, moydaeMm, uro O4Op — BHEIIHsIS OUCCEKTPUCA TPEYTOJbHIKA
AgByCy. 3amerum, uro anajorudnoe BepHo u st npsaMbix O40c u OgOc,
a caenoBarenbio, Oy, Op u O¢ — NEHTPLl BHEBIUCAHHBIX OKPY2KHOCTEH Tpe-
yrosbauka AgBoCy. Ho Torma touku Ag, By u Cy sIBISIOTCS OCHOBaHUSIMU
BeicoT TpeyrosibHuKa O 40p0¢. To ecTb OKpPYKHOCTH Diljepa TpeyroJbHIKa
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ABC Tak ke sIBJIsIeTCSI OKPYKHOCTBIO Ditiepa Tpeyrosbauka O 40500, Tax
KakK OHU 0be mpoxoisT depes Touku Ag, By u Cy.

JIEMMA 3. O4 nexur Ha B'C'.

JIOKA3BATEJ/IbCTBO. O603HAYMM BIHUCAHHYIO OKPYZKHOCTH TPEYTOJbLHUKA,
ABC qepe3 w. HanmoMaIM, 9T0 OKPY?KHOCTH W U W4 OpTOroHa bHBI. O003HA-
unM 38 K n L touku ux nepecedenusi. Torma O 4K n O L — KacareabHbIE K
w, TaK KaK w OpTOroHasbHa w4. CiaemoBarenbHo, mojasgpa Q4 OTHOCHUTEIBHO
w — mupamasa KL. Takxe KL sasnsiercs moJisipoit [ oTHOCHTETBHO wa. Kak
mbl 3HaeM, A’ — nomoc B’C’ ornocuTenbho w. CrenoBarenbHo, Jjis TOrO YTo-
661 mokazaTh, uro O nexut nHa B'C’, nocrarouno nokasarhb, aro nouspa O 4
mpoxogut depes A’. To ectsb, uro A’ nexxut na K L. JIja 9TOro JI0CTATOTHO
3aMeTuTh, uTo I — Touka nepecedenus C,Cg u BoBc, a A’ — Touka nepece-
uvenus C 4B u CpBe. Cnenosarensno, A’ nexkut na nosspe I 0OTHOCUTEILHO
w4, To ecTh Ha KL, u.T. 1. O

O6osznaunm cepeannbl cropod AO40p0O¢c yepes M4, Mp u Mc.
JIEMMA 4. Touku Ma, Ay, A’ nexkar Ha 0IHOI TIPAMOIA.

JIOKABATEJILCTBO. Ilycts () — Touka nepecevuenus npsameix B1C1 u BC.
Torna, Tak kak npsmbie AA;, BB, C'C| nepecekaioTcst B OJIHOI TOYKe, TO 110
TeopeMe 0 moJHOM derbipexsepimaauke (B, C; A1, Q) = —1. Cupoekrupyem
910 JBoitHoe oTHOmenue n3 Toukn A’ na npsamyio OgOc. Ilpu sTom Q) nepeii-
JieT B OECKOHETHO yajeHHYIo TouKy, Touku B u C nepeiinyr B Op u O¢, a
ciesioBaresibHO, A1 nepeiiner B cepeauny orpeska OpO¢, TO ecTb B TOUKY M 4
(cm. puc. 4). CrenoBaresibro, Touku My, Ay, A’ nexar ua oxHoii npsimoii. [

OCHOBHASI TEOPEMA. IIpambie A1 A’, B1B' u C1C’ npoxonaT 4epes Tou-
Ky QDeitepbaxa.

JIOKABATEJILCTBO. Paccmorpum tpeyronbauku MaMpMe n A1 B1Ch.
CooTBeTCcTBEHHBIE CTOPOHBI Y HUX MEPIEHIUKYJIAPHBI COOTBETCTBYIONUM
ouccekTpucaM Tpeyroibauka A ABC, a 3HAUNT mapasjiebHBI MeXKIy COOOiA.
CrenoBare/ibHO, 3TH TPEYTOJIBHUKI PTOMOTETHYIHBI. TaK KaK OlUCAHHAST OKPY K-
HOCTBb Tpeyroabauka Mo MpMc siBjisieTcst OKPY2KHOCTBIO Diljiepa TPeyrosib-
unka ABC, a ommcanHnas OKpy:KHOCTH Tpeyroibuuka A Bi1C| — BOHCaHHOMN
OKPY2KHOCTBIO Tpeyrojibanka ABC, To 1ieHTpoM romorernn Oyjier Touka Deii-
epbaxa rpeyronbauka ABC. Cnenosarensno, npsamsie A1 A', B1B', C1C’, upo-
XOJIAIINE Yepe3 COOTBETCTBYIOIIUE BEPIIUHBI TPEYTOJIbHUKA, IePECEKAIOTCS B
9TOM IIEHTPE TOMOTeTnu, TO ecTh B Touke Deitepbaxa, 9. T. 1. (|

Nmenno sro dakr 3amerunn EmenbsaoBbl, n mokazas ['punbepr. Haru
paccyKJeHus MOXKHO IIPOJOJIKATH U HANTHU ellle OJHY TPOHKY 3aMedaTesib-
HBIX TPAMBIX, Opoxondmux depe3 Touky Peiiepbaxa, u Jarxke IEJbI KJacc
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A

Puc. 4.

CIIeIMAILHBIX TPOEK INPSMBIX, Mpoxoadmux depe3 Touky PDeitepbaxa. Ceituac
MBI MTOKaYKeM, 9TO B YCJIOBHU OCHOBHOH TEOPEMBI MOXKHO OBLIO 3aMEHUTH 3a-
MEHUTL TpeyrojbHuK 2KepronHa Ha TpPeyroJbHUK N3 TOYEK KacaHHs BHEB-
HMUCAHHBIX OKPYKHOCTEl CO CTOPOHAMM, YaCTO HA3bIBAEMBI MpPey2oabHUKOM
Hazeasn. ObosuaumM ero BepiinHbl uepe3 Ao, By u Co. [li1st HUX aHATIOTHIHBIM
obpasom onpesaeaum touku A” B”C". Torna yreepxjieHue TeopeMbl 2 COCTOUT
B ToM, uTo npsimbie A” Ay, B” By, C"Cy Takxke nepecekyrcs B Touke Deiiep-
baxa.

Hoxkaxkem 6oJtee ob61Imit PaxT, a MMEHHO:

JIEMMA 5. [lamer Touku Ay, B1, C1 na croponax Tpeyroabunka. Ag, By,
Cy — cepenunbl cropon Tpeyrosbauka ABC. Touka mepeceduenust A1 By ¢
ApBy — A}. Ananornuno oupenensioress B u C1. Touka Ay — o6pa3 Tou-
ku Ay nipu romoretuu B Ag ¢ Koadpurmentom k. AHATOIMTIHO ONMPEIENISIOTCST
toukn By u Co (koaddunuent k it Becex Tpex TOUYeK OnnHaKOBbIi). st nux
onpegenum touku Ab, Bby, Ch ananormanbiv o6pasom. Torja npsivbie A; Al
BBy, C1CY, A2 AL, BaB), CoCY nepecekatorcsi B OJJHOI TOUKe.

JTOKABATELCTBO. Chavasa nokazxewm, uro npsimbie A1 A}, B1B], C1C]
nepecekaloTcsl B ojiHoil Touke. Tak Kak Touku Ao, Bo, Cy ToxKe JexKaT Ha
croponax tpeyronbanka ABC, to npsimbie AgAly, Bo B, CoCY Toxe Gyayr
epeceKaTbCs B OJIHON TOYKE.
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Crenaem addunHoe mnpeobpasoBanue, nepepojsiiee A ABC B npaBuiib-
worit. Torma Toukn Ag, By, Co nepeiiyT B cepeJIuHbl CTOPOH HOBOT'O TPEYTOJIb-
HUKa, Tak Kak adpduHHoe mpeobpa3oBaHue COXpaHseT OTHOIIEHUS Ha MPSMOI.
B cBoto ouepenp Touku Ay, By, C mepeiiayT B KaKne-TO TOYKHU HA CTOPOHAX.
[Tpu stom Tourm Az, Bo, Cy 6yjyT 1O MpexKHEMY MOMOTETUYIHBI TOUKaM Aj,
By, C ¢ tem ke koapdurmentom k. To ecTb ycaoBue JeMMbI MOXKHO CIATATD
COXPAHUBITAMCSI.

ObozHanM JuHy BeICOTHI 13 A1 Ha croponbl AgBg u AgCy depes h 4. Ana-

1
Jioru4no omnpeneanM hpg u he. Illomectum B Toukn A1, By, C1 Macchl YRS i
A hp
1
7, COOTBETCTBEHHO. BaMeTnM, 9TO B 9TOM CJIydae Macchl ToueKk Ay u B rpyn-
c

1 . 1
nupytorest B Touky Cf, Tak kak A;CY - ;— = sin +(AoBoy, A1B1) = B1C - -
A B

CiieroBaresibHO, LEHTD Macce Beeil cucremsl Oyner Jsiexkars Ha upsimoit CpCY.
AHaJIOrIIHO MOKA3BIBAETCH, UTO OH JIeKUT 1 Ha npsMbix A1 A} u B1B). Cie-

JIOBATEIbHO, 9TU MPIMbIE [TEPECEKAIOTCs B O/iHOI Touke. IlycTh 310 TOouka M.

— 1 — 1 — 1
Tak kax M — 1eHTp Macc, TO MAl-h——i—MBl-h——l—MCl-h— = 0. A caeno-
A B c

—_ —— 1 — —— 1 _— ——
BarenbHo, u (M Ag+ ApAq) - ™ + (M By+ ByBy) - — +(MCy+ CyCh)
A B

1
he
1
he

— 1 . —
Samernm, 9o AgAj - 5~ BEKTOp KOJUIMHEApHLIN BEKTOPY BC' u o mymme
A

T 1 - 75 1 T~ 1 1 1 o~
=MAy- —+MBy- —+MCy- —+ApA1 - — + BoB1 - — 4+ CoC - 0.
ha hp he ha hp

1
paBHBIIT ———c A cjemoBaresibHO, CyMMa TPEX TaKUX BEKTOPOB paBHA HYJIIO.
Sin _ 1 _ 1 . 1
Orkyna nosyaaem, uro M Ag- — + MBy- — + MCy- — = 0. To ectb M —
ha hp he
1 1 1
elle U IEeHTP Macc cucreMbl Touek Ag, By, Cy ¢ Maccamu T 0 cooTBeT-
A hp hc

CTBEHHO. 3aMETHM, YTO AHAJIOTMYHBIE PACCYKJICHUS BEPHBI U JJIsT TOYeK Ag,
Bs, C5. A Tak Kak BBICOTHI U3 HUX OTHOCSTCS K BbIcoTaMm u3 Touek Ap, By, C
¢ koaddunmerToM k, TO MOJTyUE€HHBIE MACCHI OYIyT MPOIOPIIUOHAIBHBI MAC-
caM, TIOJIyYUBINUMCS B paccy)jaennn o toukax A1, By, C1. A cienoBaresbHO,

TouKa nepecedenus npsiMbix Ao AS, Bo B, CoCY ecTb TakKe IEHTP MaccC TOYEK

1 1 1

Ag, By, Cy ¢ maccamu — , — , — coorBeTcTBeHHO. T0 ecThb coBunamaer ¢ M,
ha ' hp ' hc

. T. 1. O

WsBecTHbIl dakT, 9TO TOYKM KACAHUSA BIUCAHHON OKPY?KHOCTU U BHEB-
IMMCAaHHON OKPY2KHOCTU CO CTOPOHON CHUMMETPUIHBI OTHOCUTEJILHO CEPEINHBI
aroii croponbl. Torna yTBep:KieHre TEOPEMbI 2 MOJIyYaeTCsd, eI IPUMEHUTD
jgeMMy 5 ¢ k = 1 K yTBEPKICHUIO OCHOBHON TEOPEMBL.

SaMeTHM Tak Ke, 9TO YCJIOBUE TEPECeIeHrs] TPEX MPSMBIX B OTHON TOU-
K€ COXPaHseTCs IPU IMPOCKTUBHBIX MpeobpaszoBaHuaX. Tak UTO B yCJIOBUU
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JIEMMBI 5 MOXKHO 3aMEHHUTDH CEPEINHHBIA TPEYTOJbHUK Ha MPOU3BOJILHBIA de-
BUAHHBIN. A JIJIsT COXpaHEHUs yCJIOBUsI PABEHCTBA OTHOIIIEHUI [TOCJIE€ TPOEKTUB-
HOT0 IpeoOpa3s0BaHus MOXKHO HOTPe0OBATh, YTOOBI JBOMHDBIC OTHOIICHN TOYEK
(A, By, By, C) u (C, By, By, A) OTHOCHIICH TaK ke, KaK U JBE AHAJIOTUIHDIE
ITapbl 9€TBEPOK TOYECK. B JaCTHOCTH, 3TO COO6pa)KeHI/Ie MOZKHO IIPUMEHUTDH JJId
caeayomeil KOHCTPYKIUU: B3ATh 3a TpeyroJabHuK AgByCy TpeyroabHuK 13 0c-
HOBaHM OMCCEKTPUC TPEYTOJAbHUKA, & 38 Toukn A1, By, C1, As, By, Cy — de-
BUAHHBIE TpeyFOHBHHKI/I ABYX N30T'OHAJIBHO COIIPA?KEHHBIX TOYEK. HoﬂyqaeTCH
caM 10 cebe MHTepecHbI haKT, IOKa He HaIeInuil cebe IIPOIoJIKeHHSI.

Teneps npuseneM JokazareabcTso Anekcanapa Ckyruna. B nem Mer Oymem
JIOKA3BIBATH HY2KHBI HAM (PAKT PO KaxKIyl0 U3 TPEX IPAMBIX OTIECJIBHO. By-
JIeM JIOKa3bIBaTh juid npamoit A1 A, JI1s ocTaJIbHBIX IPSAMBIX JJOKA3aTeIbCTBO
aHaJIOI'MYHO.

JIEMMA 1'. Z(A()F, FAl) = (A(CA, CB) + Z(BA, BC))/2
JIOKABATEJILCTBO. Ilokaxkem, 1To
+(AoF, FH) = ,(CA, CB) + ,(BA, BC),

rie H — ocHoBanwue BbICOTHI, omyInenHoil n3 A na BC. Torjma Hy»KHBII Ham
dakT Oy/eT OYEeBUIHO CJIEJIOBATH U3 JEMMbI ApXUMeaa. 3aMETUM, 9TO

+(AoF, FH) = ,(AoBo, BoH),

TaK KaK BCE 9TU TOYKH JieXKaT Ha OKPYKHOCTH Ditjiepa. Tak ke 3aMeTHM, ITO
BBHUJY TOr'o, 9TO BO — CcepeJuHa TUIIOTEHY3bI IIPAMOYT'OJIBHOT'O TPpEeyIroJIbHUKa
AHC, A(CA, CB) ZZ(CB(), CH) ZA(HC, HBO) BHE)HI/IT, A(A()Bo, B()H) ==
= L(A()Bo, AQH) + A(A()H, HB()) = A(BA, BC) + A(CA, CB), 9. T. II. O

JIEMMA 2'. Touku Bc, Cp, Ay, Ag u F nexar Ha 0JHOIl OKPYZKHOCTH.

JTOKABATENBLCTBO. Ilokaxewm, uro ,(AgCp, CpAy) = (AoF, FA;y). U3
prucannoctu Cgl A1 B noaydaeMm, 4To

+(CpI, CpA1) = ,(BI, BA;) = .(BA, BC)/2.
N3 toro, uro CgAg = AgC, noirydyaem paBeHCTBO
+(AoCp, CpC) = ,(CCR, C40) = ,(CA, CB)/2.
OTkyma morydaeM, 9To
+(AoCp, CpA1) = ,(AoCB, CpC) + ,(CpC, CpA;) =
= (,(CA, CB)+ ,(BA, BC))/2 = ,(AoF, FA;).

To ectb C'p JiesKUT Ha OMUCAHHON OKpyKHOCTH A A1 AgF. AHAIOrMIHO TOJTY-
qaeM, 9TO U Bo JeKUT Ha Hell »Ke. YTBep:KIeHne JTOKA3aHO. O
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Mpsr1 mostyunin, yro A1 F — paauKaJIbHast OCh BIIMCAHHON U OIMUCAHHON OKO-
jio Tpeyroyibauka CgpBo A1 okpyxKHocreil. Tak 4T0 HaM OCTAJIOCH IIOKA3aTh,
uto A’ nexkur na Heit. s 3TOro J0CTATOYHO 3aMeTUTDh, 4To A’ — 1enTp romo-
Tetnn, nepesogsieii Tpeyronpauk CoChCp B Tpeyrombuuk ByBo B, Tak Kak
y 3TUX TPEYroJIbHUKOB COOTBETCTBEHHBIE CTOPOHBI MApAJLIeJIbHBI. A 3HAYNT,
A'cy  Acp
A'Bo ~ A'B;
okpyxnocreit A'Cy - A'B; = A'/Cp - A’ Bo. OcHoBHas TeopeMma JI0Ka3aHa.

SaMeTnM TakrKe, 9TO JAHHBII pe3yabraT oDOOIAeTCs JIJIsT BHEBIINCAHHOM
OKPYZKHOCTH, TaK KaK ajredbpanvecku BIIMCAHHAST OKPYKHOCTb HEOTJIMINMA, OT
BHeBIMcaHHOI. TO ecTh, ecin Be3le 3aMEHUTDL CJIOBO «BIUCAHHASA» HA «BHEB-
[IACAHHAS», TO IOJIYUEHHBIA (DAKT TOXKe BEepeH.

IIpusesem Tak>ke HECKOILKO 3a/a4, KOTOPbIE IPEIIaraeTcs PEIIUTh CAMO-
CTOSITEJILHO.

, OTKYyJa CJIeJIlyeT PaBEHCTBO CTelleHe OTHOCUTEJILHO HY>KHBIX

3AJAYA 1. Jlokazkure, uto npsimbie AgA’, BoB' u CyC’ nepecekaiorca B
oxnoit Touke. Hazosem sty touxy F’. okaxkure, uro npsamas F'F' apiaserca
o0Iieil KacaTeJIbHOI BIUCAHHON OKPY2KHOCTU U OKPY2KHOCTU Diljepa.

3AJ1AYA 2. Tlokazkure, uro npsmbie AA’, BB u CC’ napajiie/bHbL.

3AIAYA 3. B obosnagenusx JlemMmer 5 gokazkure, uro Touku A, By, Cq,
Ay, By, Cy u M nexar Ha oanoit Konnke. To ectb Toua M sIBJIsieTcst Y4eTBEpPTOM
TOYKOH IepeceueHus OINUCAHHLIX KOHHK COOTBETCTBYIONIUX IIECTEPOK TOYEK.

BAJIAYA 4. U3 3amaun 3 BugHo, uro Touku Ag, Ay, By, By, Co, C1, F u F’
JlexkaT Ha omHOU KoHuke. ITokaxkure, 9T0 OHa KacaeTcs ¢ COOTBETCTBEHHBIMU
KOHHUKaMu JJIst Apyrux Touek Peitepbaxa B Toukax Ag, By u Cy cOOTBETCTBEH-
HO, ITpUYEM KaCaTeJIbHBIMU sIBJIsTOTCsT TpsiMble OcOp 1 eil aHAJIOITIHBIE.

ABTOp BBIpaXkaeT 6Jar0JAPHOCTH 3a MOMOINbL B JOKA3aTEILCTBE HEKOTO-
pbix jiemMm MarnuaoBy Mapceso u Mokuny Bacuimio, a tak ke CKOIIEHKOBY
Apkajiio u 3acaaBcKOMY AJIEKCer0 3a MTOMOIIb B 0hopMIeHn pabOThI.
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